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Abstract 

These informal notes are concerned with spaces of functions in various 
situations, including continuous functions on topological spaces, holomor- 
phic functions of one or more complex variables, and so on. 



Contents 



I Elements of functional analysis 


6 


1 Norms and seminorms 


7 


2 Norms and metrics 


7 


3 Seminorms and topologies 


8 


4 Convergent sequences 


a 


5 Metrizability 


M 


6 Comparing topologies 


ii 


7 Continuous linear functionals 


EES 


8 R" and C™ 


14 


9 Weak topologies 


M 


10 The Hahn Banach theorem 


17 


11 Dual norms 


EES 


12 Topological vector spaces 


m 


13 Summable functions 


21 


14 c (E) 


22 



1 



15 The dual of t 1 \24 

16 Filters [25 

17 Compactness [26| 

18 Ultrafilters [27 

19 Tychonoff's theorem [H 

20 The weak* topology [H 

21 Filters on subsets [Io| 

22 Bounded linear mappings [3^ 

23 Topological vector spaces, continued |32 

24 Bounded sets [34 

25 Uniform boundedness [36| 

26 Bounded linear mappings, continued [37 

27 Bounded sequences [3^ 

28 Bounded linear functionals [39] 

29 Uniform boundedness, continued [4o| 

30 Another example [41 

II Algebras of functions [44 

31 Homomorphisms [44 

32 Homomorphisms, continued [45 

33 Bounded continuous functions [47 

34 Compact spaces [49] 

35 Closed ideals [i! 

36 Locally compact spaces [52] 

37 Locally compact spaces, continued [53| 



2 



38 cr-Compactness 


55 


39 Homomorphisms, revisited 




40 cr-Compactness, continued 


ra 


41 Holomorphic functions 


□ 


42 The disk algebra 


|60j 


a r» ~n ill i i ■ r» i • 

43 Bounded holomorphic functions 


62 


44 Density 


64 


45 Mapping properties 


65 


46 Discrete sets 


67 


47 Locally compact spaces, revisited 


1691 


48 Mapping properties, continued 


IZfl 


49 Banach algebras 


72 


50 Ideals and filters 


l76l 


51 Closure 


77 


52 Regular topological spaces 


1791 


53 Closed sets 


1801 


54 Multi-indices 


H 


55 Smooth functions 


82 


56 Polynomials 


84 


57 Continuously-differentiable functions 


85 


58 Spectral radius 


87 


59 Topological algebras 




60 Fourier series 


S3 


61 Absolute convergence 


91 


62 The Poisson kernel 


94 



3 



63 Cauchy products 


[96J 


64 Inner product spaces 


m 


65 £ 2 (E) 


ioo| 


66 Orthogonality 


102 


67 Parseval's formula 


103 


RSI DV( 
DO KS \ Hj ) 


1U4i 


69 Convexity 


105 


70 Holder's inequality 


106 


71 p < 1 


108 


72 Bounded linear mappings, revisited 


109| 


73 Involutions 


111 


III Several variables 


115 


74 Power series 


115 


75 Power series, continued 


116 


76 Linear transformations 


118 


77 Abel summability 


118 


78 Multiple Fourier series 


120| 


79 Functions of analytic type 


124 


80 The maximum principle 


126 


81 Convex hulls 


127 


82 Polynomial hulls 


129| 


83 Algebras and homomorphisms 


131 


84 The exponential function 


132 


85 Entire functions 


134 



4 



86 The three lines theorem 


134 


87 Completely circular sets 


1361 


CIO /~1 1 J 1 " 1 J_ i • J 

88 Completely circular sets, continued 


137 


89 The torus action 


138 


90 Another condition 


14d 


91 Multiplicative convexity 


142 


92 Coefficients 


143 


93 Polynomial convexity 


144 


94 Entire functions, revisited 


145 


95 Power series expansions 


147 


96 Power series expansions, continued 


148 


97 Holomorphic functions, revisited 


1491 


98 Laurent expansions 


150| 


99 Laurent expansions, continued 


152 


100 Completely circular domains 


153 


101 Convex sets 


154 


102 Completely circular domains, continued 


155 


103 Convex domains 


156| 


104 Planar domains 


157 


IV Convolution 


157 


105 Convolution on T™ 


157 


106 Convolution on R" 


159| 


107 The Fourier transform 


160| 


108 Holomorphic extensions 


162 



5 



109 The Riemann Lebesgue lemma Il64 

110 Translation and multiplication Il65 

111 Some examples 166l 

112 Some examples, continued Il67 

113 The multiplication formula Il68 

114 Convergence 169l 

115 Inversion fl7ol 

116 Measures on T" fl71 

117 Convolution of measures Il72 

118 Functions and measures Il74 

119 Fourier coefficients Il75 

120 Measures on R™ Il77 

121 Convolution of measures, continued Il78 

122 Functions and measures, continued [mil 

123 The Fourier transform, continued 180l 
124Holomorphic extensions, continued Il81 
125 Approximation and support Il82 
126 Extensions to C b {X) [l83 
127 Delta functions Il85 
References 185 



6 



Part I 

Elements of functional analysis 

1 Norms and seminorms 

Let V be a vector space over the real numbers R or complex numbers C. A 
nonnegative real-valued function N(v) on V is said to be a seminorm on V if 

(1.1) N(tv) = \t\N(v) 

for every v and t £ R or C, as appropriate, and 

(1.2) N(v + w) < N(v) + N(w) 

for every v,w £ V. Here \t\ denotes the absolute value of t when t is a real 
number, and the usual modulus of t when Ms a complex number. A seminorm 
N(v) on V is said to be a norm if N(v) > for every v g V. Of course, the 
absolute value defines a norm on R, and the modulus defines a norm on C. 

As a basic class of examples, let E be a nonempty set, and let V be the 
vector space of real or complex- valued functions on E, with respect to pointwise 
addition and scalar multiplication. If x £ E and / g V, then 

(1-3) N x (f) = \f(x)\ 

defines a seminorm on V. Let £°°(E) be the linear subspace of V consisting 
of bounded functions on E, which may be denoted i°°(E, R) or £°°(.E, C) to 
indicate whether the functions are real or complex-valued. It is easy to see that 

(1-4) ||/||oo = sup |/(a0| 

xeE 

defines a norm on l°°(E). 

2 Norms and metrics 

Let V be a vector space over the real or complex numbers, and let ||v|| be a 
norm on V. It is easy to see that 

(2.1) d(v,w) = \\v-w\\ 

defines a metric on V, using the corresponding properties of a norm. More 
precisely, d(v,w) is a nonnegative real-valued function defined for v,w g V 
which is equal to if and only if v = w, d(v, w) is symmetric in v and w, and 

(2.2) d(v,z) < d(v,w) + d(w,z) 

for every v,w,z £ V. Thus open and closed subsets of V, convergence of 
sequences, and so on may be defined as in the context of metric spaces. 



7 



Moreover, one can check that the topology on V determined by the metric 
associated to the norm is compatible with the algebraic structure corresponding 
to the vector space operations. This means that addition of vectors is continuous 
as a mapping from the Cartesian product of V with itself into V, and that scalar 
multiplication is continuous as a mapping from the Cartesian product of R or 
C with V into V. This can also be described in terms of the convergence of a 
sum of two convergent sequences in V, and the convergence of a product of a 
convergent sequence in R or C with a convergent sequence in V. 

3 Seminorms and topologies 

Let V be a real or complex vector space, and let Af be a collection of seminorms 
on V. A set U C V is said to be open with respect to Af if for each u G U 
there are finitely many seminorms N\ , . . . , JVj £ Af and positive real numbers 
r% , . . . , r\ such that 



It is easy to see that this defines a topology on V. If u 6 V, N £ Af, and r > 0, 
then one can check that the corresponding ball 



is an open set in V, using the triangle inequality. By construction, the collection 
of these open balls is a subbase for the topology on V associated to Af. 

Let us say that Af is nice if for every v £ V with v ^ there is an N e Af 
such that N(v) > 0. This is equivalent to the condition that {0} be a closed set 
in V with respect to the topology associated to Af, which is to say that 1^\{0} 
is an open set in this topology. If Af is nice, then the topology on V associated 
to Af is Hausdorff. If is a norm on V , then the collection of seminorms on 

V consisting only of ||t>|| is nice, and the corresponding topology on V is the 
same as the one determined by the metric associated to ||w||, as in the previous 
section. 

If Af is any collection of seminorms on V , then addition of vectors defines 
a continuous mapping from V x V into V , and scalar multiplication defines a 
continuous mapping from R x V or C x V, as appropriate, into V. Thus V is 
a topological vector space, at least when Af is nice, since it is customary to ask 
that {0} be a closed set in a topological vector space. In particular, a vector 
space with a norm is a topological vector space, with respect to the topology 
determined by the metric associated to the norm, as in the previous section. If 

V is the space of real or complex-valued functions on a nonempty set E, and 
if Af is the collection of seminorms of the form N x (f) = |/(a;)|, x £ E, as in 
Section [U then Af is a nice collection of seminorms on V. In this case, V can 
be identified with a Cartesian product of copies of R or C, indexed by E, and 
the topology on V associated to Af is the same as the product topology. 



(3.1) 



{v e V : Nj(u - v) < r,-, j = 1, . . . , 1} C U. 



(3.2) 



{v e V : N(u -v)<r} 
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4 Convergent sequences 



Remember that a sequence of elements {xj}j^ 1 of a topological space X is said 
to converge to an element x of X if for every open set U in X with ieP there 
is an L > 1 such that 

(4.1) Xj £ U 

for each j > L. If the topology on X is determined by a metric d(x,y), then 
this is equivalent to the condition that 

(4.2) lim d(xj,x) = 0. 

Similarly, if V is a real or complex vector space with a norm || • ||. and if {vj}jL 1 
is a sequence of elements of V, then {vj}°^ 1 converges to another element v of 

V when 

(4.3) lim \\ Vj - v\\ = 0. 

j'-s-oo 

If instead the topology on V is determined by a collection N of seminorms on 
V, then {vj}j^ 1 converges to v when 

(4.4) lim N(vj - v) = 

for every N £ N. In these last two cases, {vj}°^ 1 converges to v if and only if 
{vj — v }jLi converges to 0. 

A topological space X has a countable local base for the topology at x £ X 
if there is a sequence U\(x), U%(x), ... of open subsets of X such that x £ Ui(x) 
for each /, and for each open set U C X with x £ U there is an I > 1 such 
that Ui(x) C {/. In this case, one can also ask that Ui + \(x) C J7;(a;) for each Z, 
by replacing Ui{x) with the intersection of U\{x), . . . , Ui(x) if necessary. Under 
this condition, if x is in the closure of a set E C X, then there is a sequence 
of elements of E that converges to x. Otherwise, one may have to use nets or 
filters instead of sequences. Of course, the limit of a convergent sequence of 
elements of a set E C X is in the closure of E in any topological space X. 

If X has a countable local base for the topology at each point, then the 
closed subsets of X can be characterized in terms of convergent sequences, as 
in the previous paragraph. Equivalently, the topology on X is determined by 
convergence of sequences. If the topology on X is defined by a metric, then X 
automatically satisfies this condition, with Ui (x) equal to the open ball centered 
at x with radius 1/7. In particular, this applies to a real or complex vector space 

V with a norm. 

Suppose that the topology on V is given by a nice collection N of seminorms. 
If TV consists of only finitely many seminorms N\ , . . . , Ni , then 

(4.5) lid! = max Nj(v) 

i<j<i 

is a norm on V, and the topology on V associated to Af is the same as the one 
associated to ||v||. If Af consists of an infinite sequence N 1 ,N 2 ,. ■ ■ of seminorms 
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and neV, then 



(4.6) Ui(v) = {w G V : N 1 (v-w),...,Ni(v-w) < 1/1} 

is a countable local base for the topology of V at v. Conversely, suppose that 
U\ , U2 , . . . is a sequence of open subsets of V such that G Ui for each I , and 
for each open set U in V with G {/ there is an 2 > 1 such that C [/. By the 
definition of the topology on V associated to TV", for each I > 1 there are finitely 
many seminorms TV; ; i, . . . , N^ n[ G TV and positive real numbers rj,i, . . . , rj, n , 
such that 

(4.7) {v€V:Nij(v) <r u , j = 1, . . . ,m} C U t . 

If TV' is the collection of seminorms of the form Nij, 1 < j < ni, I > 1, then TV' 
is a subset of TV with only finitely or countably many elements. One can also 
check that the topology on V determined by TV' is the same as the topology on 
V determined by TV. 

5 Metrizability 

Let X be a set, and let p(x,y) be a nonnegative real- valued function defined 
for x,y G X. We say that p{x,y) is a semimetric on X if it satisfies the same 
conditions as a metric, except that p(x, y) may be equal to even when x ^ y. 
Thus p(x, y) is a semimetric if p(x, x) = for each x G X, 

(5.1) p(x,y) = p(y,x) 
for every x, y G X, and 

(5.2) p(x, z) < p(x, y) + p(y, z) 

for every x,y, z G X . If N is a seminorm on a real or complex vector space V, 
then 

(5.3) p(v, w) = N(v - w) 

defines a semimetric on V. 

If p(x, y) is a semimetric on a set X and t is a positive real number, then 

(5.4) pt(x, y) = mm(p(x, y),t) 

is also a semimetric on X. The main point is that p t (x,y) also satisfies the 
triangle inequality, since p(x,y) does. If p(x,y) is a metric on X, then p t (x,y) 
is too, and they determine the same topology on X. 

Let V be a real or complex vector space, and let TV be a nice collection of 
seminorms on V. If TV consists of only finitely many seminorms, then their 
maximum is a norm on V which determines the same topology on V as TV, as 
in the preceding section. If TV consists of an infinite sequence of seminorms 
TVi, N 2 , . . ., then 

(5.5) d(v, w) = maxmin(TV;(w — w), l/l) 
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defines a metric on V that determines the same topology on V as N '. More 
precisely, if v = w, then Ni(v — w) — for each I, and so d(v, w) = 0. If v ^ w, 
then Nj(v — w) > for some j, because TV is nice, and 

(5.6) mm(Ni(v -w),l/l)< l/l < N 3 (v - w) 

for all but finitely many /, so that the maximum in the definition of d(v,w) 
always exists. This also shows that d(v,w) > when v ^ w, and d(v,w) is 
obviously symmetric in v and w. It is not difficult to check that d(v, w) satisfies 
the triangle inequality, using the fact that 

(5.7) min(Ni(v -w),l/l) 

satisfies the triangle inequality for each I, as in the previous paragraphs. If r 
is a positive real number, then d(v,w) < r if and only if Ni(v — w) < r when 
I < 1/r, and one can use this to show that d{v, w) determines the same topology 
on V as W. 

Suppose now that TV is a nice collection of seminorms on V, and that there is 
a countable local base for the topology on V associated to TV at 0. This implies 
that there is a subset TV' of TV with only finitely or countably many elements 
that determines the same topology on as in the preceding section. It follows 
that there is a metric on V that determines the same topology on V, as in the 
previous paragraph. Note that this metric is invariant under translations on V, 
since it depends only on v — w. 



6 Comparing topologies 

Let V be a real or complex vector space, and let TV, TV be collections of semi- 
norms on V. Suppose that every open set in V with respect to TV is also an 
open set with respect to TV. If TV' <E TV, then it follows that the open unit ball 
with respect to N' is an open set with respect to TV. This implies that there are 
finitely many seminorms Ni , . . . , TV; G TV and positive real numbers ri , . . . , n 
such that 

(6.1) {v e V : Nj(v) < rj, j = 1, . . . , 1} C {v e V : N'(v) < 1}, 

since is an element of the open unit ball corresponding to TV'. Equivalcntly, 

(6.2) N'(v)<l when max rj 1 NJv) < 1, 

i<j<l 3 

and so 

(6.3) N'(v) < max rT 1 NAv) 

i<j<i 3 

for every v £ V. This implies in turn that 

(6.4) N'(v) < C max Nj(v) 

i<j<i J 
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for every v € V, where C is the maximum of r^ 1 , . . . , r~[ x . Conversely, if for 
every N' E N' there are finitely many seminorms N\,. . . ,Ni G N such that 
(|6.4I) holds for some C > 0, then every open set with respect to N' is also open 
with respect to J\f. Of course, one can interchange the roles of M and A/"', so 
that they determine the same topology on V if and only if M and M' both 
satisfy this condition relative to the other. 

Let us apply this to the case where M' consists of a single norm ||«||. If every 
open set in V with respect to this norm is also an open set with respect to Af, 
then there are finitely many seminorms N\ , . . . , iVj £ AT such that 

(6.5) H| < C max Nj(v) 

i<j<' 

for some C > and every v E V. In particular, 

(6.6) \\v\\' = max Nj(v) 

is also a norm on V in this case. Similarly, if every open set in V with respect 
to Af is also an open set with respect to ||u||, then for each N E Af there is a 
C(N) > such that 

(6.7) N(v) < C(N) \\v\\ 

for every v EV. If the topologies on V associated to W and \\v\\ are the same, 
then \\v\\' also determines the same topology on V. 

As a basic class of examples, let V be the vector space of real or complex- 
valued functions on a nonempty set E, and let M be the collection of seminorms 
on V of the form N x (f) = \f(x)\, x E E. If there is a norm \\v\\ on V such that 
the open unit ball in V with respect to ||w|| is an open set with respect to N, 
then it follows that the maximum of finitely many elements of M is a norm on 
V, as in the previous paragraphs. This implies that E has only finitely many 
elements. Conversely, if E has only finitely many elements, then the maximum 
of N x (f), x E E, is a norm on V that determines the same topology. Note that 
the topology on V is mctrizable if and only if E has only finitely or countably 
many elements, as in the preceding section. 

Now let E be the set Z + of positive integers, and let V be the vector space 
of real or complex-valued functions on Z + that are rapidly decreasing in the 
sense that f(j) is bounded by a constant multiple of j~ k for each nonnegative 
integer k. Put 

(6.8) N k (f)=swpj k \f(j)\ 

i>i 

for each k > 0, which is a norm on V that reduces to the £°° norm when 
k = and is monotone increasing in A:. It is easy to see that the topology on 
V associated to this collection of norms is not determined by finitely many of 
these norms. Hence the topology on V associated to this collection of norms is 
not determined by any single norm at all. However, this topology is metrizable, 
as in the preceding section. 
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7 Continuous linear functionals 



Let V be a real or complex vector space with a nice collection of seminomas 
TV. As usual, a linear functional on V is a linear mapping from V into the real 
or complex numbers, as appropriate. Let V* be the space of linear functionals 
on V that are continuous with respect to the topology on V determined by 
J\f. This may be described as the topological dual of V, to distinguish it from 
the algebraic dual of all linear functionals on V. These dual spaces are also 
vector spaces over the real or complex numbers, as appropriate, using pointwise 
addition and scalar multiplication of functions. 

If A G V* , then the set of v G V such that \X(v)\ < 1 is open, because 
A is continuous. Of course, is an element of this set, because A(0) = 0. It 
follows that there are finitely many seminorms N± , . . . , Ni G Af and positive real 
numbers n , . . . , 7"; such that 

(7.1) {v G V : Nj(v) < rj , j = 1, ...J} C {v G V : \\{v)\ < 1}. 
As in the previous section, this implies that 

(7.2) \X(v)\ < max rj 1 Njiv) 

for every v £ V. In particular, if C is the maximum of , . . . , , then 

(7.3) |A(«)| < C max N^v) 

i<]<i 

for every v G V. 

Conversely, suppose that A is a linear functional on V for which there are 
finitely many seminorms N±, . . . , Ni G Af and a nonnegative real number C such 
that (|7.3p holds. In this case, 



(7.4) \\{v) - \{w)\ = \\(v -w)\<C max N {v - w) 

i<j<i 

for every v, w G V, because A is linear. It is easy to see that A is continuous on 
V with respect to the topology associated to J\f under these conditions. More 
precisely, for each v G V and e > 0, we have that 

(7.5) \\(v) - \(w)\ < e 

for every w G V such that Nj(v — w) < C^ 1 e for j = 1, . . . , I. Remember that 
open balls defined in terms of seminorms in Af are automatically open sets with 
respect to A/", as in Section [3] 

If the topology on V is determined by a single norm ||u||, then the previous 
discussion can be simplified. If A is a continuous linear functional on V, then 
\X(v)\ < 1 on an open ball around in V. As before, this implies that there is 
a nonnegative real number C such that 

(7.6) \X(v)\<C\\v\\ 
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for every v £ V. Conversely, if A is a linear functional on V that satisfies (17.61) 
for some C > 0, then 

(7.7) \X(v) - \{w)\ = \X(v - to) | < C\\v - w\\ 

for every v, w £ V , because of linearity. This clearly implies that A is continuous 
with respect to the metric d(v,w) = \\v — w\\ associated to V, as in Section[5J 



8 R™ and C n 

Let n be a positive integer, and let R™, C n be the space of n-tuples of real and 
complex numbers, respectively. As usual, these are vector spaces with respect 
to coordinatcwise addition and scalar multiplication. Put 



(8.1) |M| 



max \v 

i<j<n ■ 



for each v = (vi, . . . , v n ) G R™ or C™. It is easy to see that this defines a norm 
on R n , C", for which the corresponding topology is the standard topology. The 
latter is the same as the product topology on R", C" as the Cartesian product 
of n copies of R, C, with their standard topologies. 
Another simple norm on R n , C n is given by 



n 



(8.2) INi = EN- 

i=i 

Note that 

(8.3) IMIoo<IM|i 
for every v 6 R" or C™. Similarly, 

(8-4) Ni <n HI*, 

for each v S R™, C™. It follows that also determines the standard topology 
on R", C™. 

If oi, . . . , a n are real or complex numbers, then 

n 

(8.5) M«)=I>i«j 

3=1 

defines a linear functional on R™ or C", as appropriate. It is easy to see that 
A is continuous with respect to the standard topology on R" or C". Of course, 
every linear functional on R", C™ is of this form. More precisely, if A is any 
linear functional on R™ or C", then A can be expressed as in (|8.5|) . with 

(8.6) aj - A(e,) 
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for each j, where e±, . . . , e n are the standard basis vectors in R™, C™. These 
are defined by taking the Ith component of ej equal to 1 when j — I and 
otherwise, so that 

n 

(8.7) v = ^v J e J 

for each v € R™ or C n . 

If N is any seminorm on R™ or C™, then 

n n 

(8.8) N(v) = iv(X> iej ) < £>( e i) N- 
This implies that 

(8.9) M«)<(E^(e 3 -))lH|oc 

i=i 

and 

(8.10) A^) < ( max iV( ej )) IMIi 

for every v g R" or C". Thus TV is automatically bounded by constant multiples 
of the basic norms ||f ||oo, ||f 

Using the triangle inequality, we get that 

(8.11) N(v) - N(w) < N(v - w) 
and 

(8.12) N{w) - N(v) < N(v - w) 

for every v, w £ R™ or C™, as appropriate. It follows that 

(8.13) \N{v)-N(w)\<N{v-w) 

for every v, w. Combining this with the estimates in the previous paragraph, 
we get that TV is continuous as a real- valued function on R n or C™ . 

Suppose now that TV is a norm on R" or C™. The set of v G R" or C n 
with || 7J || oo = 1 is closed and bounded, and hence compact, with respect to the 
standard topology. Because N is continuous, it attains its minimum on this set, 
which is therefore positive. Hence there is a positive real number c such that 

(8.14) N(v) > c 
when 1 1 f | |oo = 1, which implies that 

(8.15) JV(«)>c|H|oo 

for every v € R™ or C™, as appropriate, by homogeneity. We already know from 
(|8.9p that N(v) is bounded from above by a constant multiple of |M|oo, and we 
may now conclude that the topology on R" or C" determined by N is the same 
as the standard topology. 
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Let AT be any nice collection of seminorms on R™ or C n , and let us check 
that the topology on R™ or C" associated to J\f is the same as the standard 
topology. Let Ni be an element of M that is not identically zero. If N\ is a 
norm, then we stop, and otherwise we choose N2 G J\f such that A^u) > for 
some v € R" or C" with v ^ and Ni(v) = 0. Note that the set of v G R" 
or C such that N\(v) = is a proper linear subspace of R" or C". If this 
linear subspace contains a nonzero element, then the set of v G R™ or C™ such 
that Ni(v) — N 2 (v) = is a proper linear subspace of it. By repeating the 
process, we get finitely many seminorms Ni,...,Ni 6 J\f with I < n whose 
maximum defines a norm on R" or C, as appropriate. The topology on R™ 
or C" associated to this norm is the same as the standard topology, as before. 
It follows that the topology on R n or C n associated to J\f is the same as the 
standard topology, since every seminorm on R™, C is bounded by a constant 
multiple of the usual norms |M|oo,|M|i- 

9 Weak topologies 

Let V be a real or complex vector space. If A is any linear functional on V, then 



defines a seminorm on V . Let A be a collection of linear functionals on V, and 
let Af(A) be the corresponding collection of seminorms N\, A G A. If A is nice 
in the sense that for each v £ V with v ^ there is a A £ A such that X(v) ^ 0, 
then A/"(A) is a nice collection of seminorms on V. This leads to a topology on 
V, as in Section [31 which is the weak topology associated to A. 

Under these conditions, each element of A is a continuous linear functional 
on V with respect to the weak topology associated to A. This implies that any 
finite linear combination of elements of A is also continuous with respect to this 
topology. Conversely, if A is a continuous linear functional on V with respect 
to the weak topology associated to A, then there are finitely many elements 
Ai, . . . , A„ of A and a nonnegative real number C such that 



for every v G V. In particular, X(v ) = when Xj(v) = for j = 1, . . . ,n, and an 
elementary argument in linear algebra shows that A can be expressed as a linear 
combination of the Aj's. One may wish to reduce first to the case where the 
Aj's are linearly independent, by discarding any that are linear combinations of 
the rest. 

Let £ be a nonempty set, and let V be the vector space of real or complex- 
valued functions on E. Note that X x (f) — f(x) is linear functional on V for 
each x G E. This defines a nice collection of linear functionals on V, for which 
the corresponding collection of seminorms has been mentioned previously. It 
follows from the discussion in the previous paragraph that a linear functional A 



(9.1) 



N x (v) = \X(v)\ 



(9.2) 



\X(v)\ < C max \Xj{v)\ 



1G 



on V is continuous with respect to the topology associated to this collection of 
seminorms if and only if it is a finite linear combination of A x 's, x € E. 

Let V be any real or complex vector space, and let A/" be a nice collection of 
seminorms on V. This leads to the corresponding dual space V* of continuous 
linear functionals on V. If V G V and v ^ 0, then there is a A € V* such that 
X(v) ^ 0. This follows from the Hahn-Banach theorem, as in the next section. 
Thus V* is itself a nice collection of linear functionals on V, which determines 
a weak topology on V as before, also known as the weak topology associated to 
TV. Note that every open set in V with respect to this weak topology is also an 
open set with respect to the topology associated to A/", because the elements of 
V* are continuous with respect to the topology associated to A/". Every element 
of V* is automatically continuous with respect to the weak topology on V, and 
conversely every continuous linear functional on V with respect to the weak 
topology is continuous with respect to the topology associated to A/". Hence 
V* is also the space of continuous linear functionals on V with respect to the 
weak topology, which follows from the earlier discussion for the weak topology 
associated to any collection of linear functionals on V as well. 

10 The Hahn— Banach theorem 

Let V be a real or complex vector space, and let N be a seminorm on V. Also 
let A be a linear functional on a linear subspace W of V such that 

(10.1) \X(v)\<CN(v) 

for some C > and every v £ W. The Hahn-Banach theorem states that there 
is an extension of A to a linear functional on V that satisfies (|10.1[) for every 
v G V, with the same constant C. We shall not go through the proof here, but 
we would like to mention some aspects of it, and some important consequences. 

Sometimes the Hahn-Banach theorem is stated only in the case where N is 
a norm on V. This does not really matter, because essentially the same proof 
works for seminorms. Alternatively, if N is a seminorm on V, then 

(10.2) Z= {v e V : N(v) = 0} 

is a linear subspace of V. One can begin by extending A to the linear span of 
W and Z by setting 

(10.3) \{w + z) = \(w) 

for every w £ W and z £ Z, which makes sense because X(v) = when v is in 
W n Z, by (|10.1|) . One can then reduce to the case of norms by passing to the 
quotient of V by Z. 

To prove the Hahn-Banach theorem in the real case, one first shows that A 
can be extended to the linear span of W and any clement of V, while maintaining 
(jlO.ip . If W has finite codimension in V, then one can apply this repeatedly 
to extend A to V. If N is a norm on V and V has a countable dense set, then 
one can apply this repeatedly to extend A to a dense linear subspace of V, and 
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then extend A to all of V using continuity. Otherwise, the extension of A to V 
is obtained using the axiom of choice, through Zorn's lemma or the Hausdorff 
maximality principle. The complex case can be reduced to the real case, by 
treating the real part of A as a linear functional on If as a real vector space, 
and then complexifying the extension to V afterwards. 

As an application, let N be a nice collection of seminorms on V, let u G V 
with u 7^ be given, and choose N G TV such that N(u) > 0. We can define A 
on the one-dimensional subspace W of V spanned by u by 

(10.4) X(tu)=tN(u) 

for each t G R or C, as appropriate. This satisfies (| 10 . 1 1) with C = 1, and the 
Hahn-Banach theorem implies that there is an extension of A to V that also 
satisfies (| 10. 1 1) with C = 1. In particular, this extension is a continuous linear 
functional on V with respect to the topology associated to Af such that X(u) ^ 0, 
as in the previous section. One can also use the Hahn-Banach theorem to show 
that a closed linear subspace of V with respect to the topology associated to N 
is also closed with respect to the weak topology. 



11 Dual norms 

Let V be a real or complex vector space with a norm Remember that a 
linear functional A on V is continuous with respect to the topology associated 
to ||t>|| if and only if there is a nonnegative real number C such that 

(11.1) \\(v)\<C\\v\\ 

for every v G V. In this case, the dual norm ||A||* of A is defined by 

(11.2) ||A|U=sup{|A(«)| :veV, \\v\\<l}. 

This is the same as the smallest value of C for which the previous inequality 
holds. It is not difficult to check that ||A||* defines a norm on the dual space V* 
of continuous linear functionals on V. 

If v G V and v ^ 0, then there is a A G V* such that ||A||* = 1 and 

(11.3) A(«) = |H|. 

This uses the Hahn-Banach theorem, as in the previous section. More precisely, 
the argument in the previous section shows that ||A||* < 1, and equality holds 
because of the value of X(v). 

Suppose that V = R" or C™ for some positive integer n. If a G V, then 



(11.4) \ a (v)=y2 a o v o 
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defines a linear functional on V, and every linear functional on V is of this form. 
Note that 

n 

(11.5) |A»| < (V \aj\) max \ Vj \ = ||a||i |MU 

3=1 

for every a, v £ V, where ||o||i, \\v\\oo are as in Section[5] This shows that the 
dual norm of A a on V with respect to HfHoo is less than or equal to ||a||i. If one 
chooses v £ V such that |H|oo = 1 and dj Vj — \aj\ for each j, then one gets 
that 

(H-6) \X a (v)\ = \\a\l,, 

and hence the dual norm of A a with respect to IHloo is equal to ||<z||j.. Similarly, 

(H-7) |Aa(«)|<N|ooH|l 

for every a, v £ V. This shows that the dual norm of A a on V with respect to 
|| v ||i is less than or equal to ||a||oo, and one can check that the dual norm is 
equal to Halloo using standard basis vectors for v to get equality in the previous 
inequality. 



12 Topological vector spaces 

A topological vector space is basically a vector space with a topology that is 
compatible with the vector space operations. More precisely, let V be a vector 
space over the real or complex numbers, and suppose that V is also equipped 
with a topological structure. In order for V to be a topological vector space, 
the vector space operations of addition and scalar multiplication ought to be 
continuous. Addition of vectors corresponds to a mapping from the Cartesian 
product V x V of V with itself into V, and continuity of addition means that 
this mapping should be continuous, where V x V is equipped with the product 
topology associated to the given topology on V. Similarly, scalar multiplication 
corresponds to a mapping from R x V or C x V into V, depending on whether 
V is a real or complex vector space. Continuity of scalar multiplication means 
that this mapping is continuous when R x V or C x V is equipped with the 
product topology associated to the standard topology on R or C and the given 
topology on V. It is customary to ask that topological vector spaces also satisfy 
a separation condition, which will be mentioned in a moment. 

Note that continuity of addition implies that the translation mapping 

(12.1) T a (v) = a + v 

is continuous as a mapping from V into itself for every a G V. This implies 
that r a is actually a homeomorphism from V onto itself for each a £ V, since r a 
is a one-to-one mapping from V onto itself whose inverse is r_ a , which is also 
continuous for the same reason. In the same way, the dilation mapping 

(12.2) S t (v) = t-v 
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is a continuous mapping on V for every t G R or C, as appropriate, because 
of continuity of scalar multiplication. If t ^ 0, then 5t is a one-to-one mapping 
from V onto itself, with inverse equal to 5i/ t , and hence a homeomorphism. 

The additional separation condition for V to be a topological vector space 
is that the set {0} consisting of the additive identity element in V be a closed 
set in V. This implies that every subset of V with exactly one element is 
closed, because of the continuity of the translation mappings. One can also use 
continuity of addition at to show that V is Hausdorff under these conditions. 

It is easy to see that R" and C" are topological vector spaces with respect to 
their standard topologies. If a real or complex vector space V is equipped with 
a norm N, then V is a topological vector space with respect to the topology 
determined by the metric determined by N as in Section [2] If instead V is 
equipped with a nice collection TV of seminorms, then V is a topological vector 
space with respect to the topology defined in Section [3J In particular, the 
requirement that M be nice corresponds exactly to the separation condition 
discussed in the previous paragraph. 

In linear algebra, one is often interested in linear mappings between vector 
spaces. Similarly, in topology, one is often interested in continuous mappings 
between topological spaces. In the context of topological vector spaces, one 
is often interested in continuous linear mappings between topological vector 
spaces. This includes continuous linear functionals from a topological vector 
space into the real or complex numbers, as appropriate. Thus the topological 
dual V* of a topological vector space V may be defined as the space of continuous 
linear functionals on V, as in Section [7j 

Let V and W be topological vector spaces, both real or both complex. If <j> 
is a one-to-one linear mapping from V onto W, then the inverse mapping </> -1 
is a one-to-one linear mapping from W onto V as well. If <f> : V — y W and 
(j)^ 1 : W — > V are also continuous, so that is a homeomorphism from V onto 
W, then is said to be an isomorphism between V and W as topological vector 
spaces. It can be shown that a finite-dimensional real or complex topological 
vector space of dimension n is isomorphic to R" or C™, as appropriate, with its 
standard topology. 

A topological vector space V is said to be locally convex if there is a local 
base for the topology of V at consisting of convex open subsets of V. If the 
topology on V is determined by a nice collection of seminorms, then it is easy 
to see that V is locally convex. Conversely, if V is locally convex, then one can 
show that the topology on V may be described by a nice collection of seminorms. 

In any topological space, a necessary condition for the existence of a metric 
that describes the same topology is that there be a countable local base for the 
topology at each point. If a topological vector space V has a counatble local 
base for the topology at 0, then it has a countable local base for the topology at 
every point, because the topology is invariant under translations. In this case, 
it can be shown that there is a metric on V that describes the same topology 
and which is invariant under translations. If V has a countable local base for 
the topology at and the topology on V is determined by a nice collection of 
seminorms, then only finitely or countably many seminorms are necessary to 



20 



describe the topology, as in Section @J and one can get a translation-invariant 
metric as in Section 

The definition of a Cauchy sequence can be extended to topological vector 
spaces, as follows. A sequence {vj}°Z 1 of elements of a topological vector space 
V is said to be a Cauchy sequence if for every open set U in V with G U there 
is a positive integer L such that 

(12.3) Vj -vi eu 

for every j, I > L. If d(v, w) is a metric on V that determines the given topology 
on V, and if d(v, w) is invariant under translations on V in the sense that 

(12.4) d(v — z,w — z) = d(v, w) 

for every v,w, z £ V, then it is easy to see that the usual definition of a Cauchy 
sequence in V with respect to d(v,w) is equivalent to the preceding condition 
using the topological vector space structure. 

Remember that a metric space X is said to be complete if every Cauchy 
sequence of elements of X converges to another element of X. Similarly, let us 
say that a topological vector space V is sequentially complete if every Cauchy 
sequence of elements of V as in the previous paragraph converges to an element 
of V. If there is a countable local base for the topology of V at 0, then this is 
equivalent to completeness of V with respect to any translation-invariant metric 
that determines the same topology on V. Otherwise, one can also consider 
Cauchy conditions for nets or filters on V. 



13 Summable functions 

Let E be a nonempty set, and let f(x) be a real or complex valued function on 
E. We say that / is summable on E if the sums 

(13.1) E 1/(^)1 

over finite subsets A of E are uniformly bounded. Of course, this holds trivially 
when E has only finitely many elements, since we can take A = E. If E is the 
set Z + of positive integers, then this is equivalent to saying that Y^jLi 1/0)1 
converges, which means that Y^JLi fti) converges absolutely. 
We would like to define the sum 

(13.2) J2 

xeE 

when / is a summable function on E. Again this is trivial when E has only 
finitely many elements. If E = Z + , then the sum may be considered as a 
convergent infinite series, since it converges absolutely. If E is a countably 
infinite set, then one can reduce to the case where E = Z + using an enumeration 
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of E. Different enumerations lead to the same value of the sum, because the 
sum of an absolutely convergent series is invariant under rearrangements. If / 
is a summable function on any infinite set E, then one can check that the set of 
x G E such that \f(x)\ > e has only finitely many elements for each e > 0. This 
implies that the set of x G E such that f(x) ^ has only finitely or countably 
many elements, so that the definition of the sum can be reduced to the previous 
case. 

Alternatively, if / is a nonnegative real-valued summable function on E, then 
one can define the sum over E to be the supremum of the subsums (|13.1I) over all 
finite subsets of E. If / is any summable function on E, then / can be expressed 
as a linear combination of nonnegative real- valued summable functions, so that 
the definition of the sum can be reduced to that case. It is easy to see that 
this approach is compatible with the one in the previous paragraph. The space 
of summable functions on E is denoted ^(E), or more precisely i x {E, R) or 
l l {E, C) to indicate whether real or complex- valued functions on E are being 
used. One can check that this is a vector space with respect to pointwise addition 
and scalar multiplication, and that the sum over E defines a linear functional 
on t l {E). 

HfE^iE), then put 

(13.3) ll/lli = £ 

xeE 

One can check that this is a norm on ^(E), and that 



(13.4) 



£/(*) 



x£E 



< 11/11 



Let us say that a function / on E has finite support if f(x) — for all but 
finitely many x G E. It is not difficult to show that these functions are dense in 
i 1 , by considering finite sets iC E for which YlxeA \f( x )\ approximates ||/||i. 
Of course, X^e-E f( x ) re duces to a finite sum when / has finite support on E. 
This gives another way to look at the sum of an arbitrary summable function 
on E. Namely, it is the unique continuous linear functional on ^(E) that is 
equal to the ordinary finite sum on the dense linear subspace of functions with 
finite support. 



14 co(E) 

Let E be a nonempty set, and let us say that a real or complex- valued function 
f{x) on E vanishes at infinity if for each e > the set of x G E such that 
I/O 15 ) I > e nas only finitely many elements. The space of these functions is 
denoted co(E), or cq(E, R), c (E, C) to indicate whether real or complex- valued 
functions are being used. It is easy to see that these functions are bounded, and 
that they form a closed linear subspace of £°° (E) with respect to the l°° norm. 
Moreover, functions on E with finite support are dense in c (E), and c (E) 
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is the closure of the linear subspace of functions on E with finite support in 

e°°(E). 

If / is a bounded function on E and g is a summable function on E, then 
f g is a summable function on E, and 

(14-1) Mi < ||/|U|<7||i- 

In particular, 

(14-2) *,(/) = £/(*)$(*) 

x£E 

is well-defined and satisfies 

(14-3) |A S (/)| < ll/IUIsllr. 

This shows that X g defines a continuous linear functional on £°°(E), whose dual 
norm with respect to the £°° norm is less than or equal to The dual norm 

of \ g with respect to the £°° norm is actually equal to ||g||i, because one can 
choose / G l°°(E) so that ||/||oo = 1 and f(x) g(x) = \g(x)\ for each x G E. 

We can also restrict X g to Co(E), to get a continuous linear functional on 
cq(E) whose dual norm is less than or equal to \\g\\i- The dual norm of X g on 
cq(E) with respect to the l°° norm is still equal to \\g\\i, but we have to do a bit 
more to show that. The problem is that the function / mentioned at the end 
of the previous paragraph may not vanish at infinity on E. To fix that, we can 
choose for each nonempty finite set A C E a function Ja{x) such that Ja{x) = 
when x G E\A, /a(x) g(x) = \g(x)\ when x e A, and ||/a||oo = 1- Thus Ja has 
finite support on E, and hence vanishes at infinity. By construction, 

(14-4) = 5>(*)|. 

xeA 

This shows that the dual norm of X g on cq(E) is greater than or equal to 
SxeA If ( x )l l° r ever y nonempty finite set ACE, and it follows that the dual 
norm is equal to \\g\\i, by taking the supremum over A. 

Suppose now that A is any continuous linear functional on cq(E). If x G E, 
then let S x (y) be the function on E equal to 1 when x — y and to otherwise. 
Thus 5 X G Co(E), and we can put 

(14.5) g(x) = X(S X ) 

for each x G E. If / is a function on E with finite support, then / can be 
expressed as a linear combination of <5's, and we get that 

(14-6) A(/) = ]T/(x) 3 (x), 

by linearity. Using functions like /a in the previous paragraph, we get that 

(14.7) J2 \9^\ ^ H A H* 

xeA 
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for every nonempty finite set A C E, where ||A||* is the dual norm of A on cq(E). 
Hence g E ^(E), and \\g\\i < ||A||*. We have already seen that A(/) = X g (f) 
when / has finite support on E, and it follows that this holds for every / e c (E), 
since functions with finite support are dense in Co(E), and both A and A 9 are 
continuous on cq(E). 



15 The dual of i 1 

Let £ be a nonempty set, and suppose that / is a summable function on E, 
and that g is a bounded function on E. As in the previous section, f g is a 
summable function on E, and 

(15.1) \\fg\U < \\fh\\9\U 

Hence 

(15-2) A 3 (/) = ^.f(x)g(x) 

xGE 

is well-defined and satisfies 



(15-3) |A S (/)| < U/llr NIoo. 

Thus X g defines a continuous linear functional on £ (E), with dual norm less 
than or equal to ||g||oo- One can check that the dual norm of X g is actually 
equal to ||gi|oo, using functions / on E that are equal to 1 at one point and 
elsewhere. 

Conversely, suppose that A is a bounded linear functional on ^(E). Let S x 
be as in the previous section, and put g(x) = X(S X ) for each x <E E, as before. 
Thus 

(15.4) \g{x)\ = \X(5 X )\ < ||A||*||<yi = ||A||* 

for each x £ E, where ||A||» is the dual norm of A on ^{E). This shows that 
g e £°°(E), and that ||ff||oo < l|A||*. In particular, X g is a continuous linear 
functional on ^(E), as in the preceding paragraph. If / has finite support on E, 
then / can be expressed as a linear combination of 5's, and hence A(/) = X g (f). 
It follows that this holds for every / e ^(E), because functions with finite 
support are dense in l l (E), and A, A g are continuous on I . 

Suppose now that E is an infinite set, and let c(E) be the space of real or 
complex- valued functions f(x) on E that have a limit at infinity. This means 
that there is a real or complex number a, as appropriate, such that for each 
e > 0, 

(15.5) \f(x)-a\<e 

for all but finitely many x S E. Equivalently, / G c(E) if there is an a 6 R or C 
such that f(x) — a G cq(E). As usual, this space may also be denoted c(E, R) 
or c(E, C), to indicate whether real or complex- valued functions are being used. 
It is easy to see that these functions are bounded, and that they form a closed 
linear subspace of £°°(E) with respect to the l°° norm. 
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If /, a are as in the previous paragraph, then put 
(15.6) lim f(x) = a. 



It is easy to see that this limit is unique when it exists, and that 



(15.7) 



< 



Thus the limit defines a continuous linear functional on c{E). The Hahn-Banach 
theorem implies that there is a continuous linear functional L on l°°(E) with 
dual norm equal to 1 such that L(f) is equal to this limit when / 6 c(E). 
However, one can also check that there is no g 6 ^(E) such that X g (f) = L(f) 
for every / € c(E), where A g is as in the previous section. 



16 Filters 

A nonempty collection J- of nonempty subsets of a set A is said to be a filter if 

(16.1) A n B e T for every A, B e F, 
and 

(16.2) E £ T for every E C A for which 
there is an A G T such that A C E. 

Suppose that X is a topological space, and that p is an element of X. A filter 
T on X is said to converge to p if 

(16.3) 17 g T 

for every open set U in X with p e U. If X is Hausdorff, then the limit of a 
convergent filter on X is unique. 

A filter J 7 ' on a set A is said to be a refinement of another filter J 7 on X if 
7C J', as collections of subsets of A. Suppose that A is a topological space, 
and let p be an element of A. Remember that A denotes the closure in A of a 
subset A of A. If J 7 is a filter on A and 

(16.4) p e p| A 

then there is a refinement of T 7 that converges to p. To sec this, let T' be the 
collection of subsets E of A such that 4fl(7 C i? for some A E J- and open 
set U C A with p E U. By hypothesis, p & A, and hence A n f7 ^ under 
these conditions. One can check that the intersection of two elements of T' is 
also an clement of J 7 , because of the corresponding properties of J 7 and open 
neighborhoods of p. We also have that E € J 7 ' for every i? C A for which there 
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is a B G J 7 ' such that B C E, by construction. Thus J 7 ' is a filter on X, which 
is clearly a refinement of J 7 , since we can take U = X . If t/ is any open set in 
X that contains p, then [/e J', since ^4 n J7 C U for every ie J. This shows 
that J 7 ' is a filter which is a refinement of F that converges to p, as desired. 

Conversely, suppose that J 7 ' is a refinement of T that converges to p. If J7 
is an open set in X that contains p, then U E J 7 ' , and so ^4 n 17 € T 7 ' for every 
v4 G J 7 '. Hence Ap\U ^ 0, and this holds in particular for every A G J 7 , because 
J 7 ' is a refinement of J 7 . It follows that p € A, since this works for every open 
neighborhood U of p in X. Thus p G ^4 for every A 6 J 7 , as before. 

Now let V be a real or complex topological vector space. A filter T on V 
satisfies the Cauchy condition if for every open set U in V with G U there is 
an A G T such that 

(16.5) A-ACU, 
where 

(16.6) A - A = {v - w : v, w G A}. 

It is easy to see that convergent filters on V satisfy the Cauchy condition, using 
the continuity of 

(16.7) (y,w)i-tv — w 

as a mapping from V x V into V. One can say that V is complete if every 
Cauchy filter on V converges, as in Section [T2l 



17 Compactness 

Remember that a topological space X is compact if for every collection {U a } a£ A 
of open subsets of X such that 

(17.1) X=\JU a , 

there are finitely many indices a±, . . . , a n € A such that 

(17.2) X = U ai U ••• UU an . 

A collection {Ei}i e i of closed subsets of X is said to have the finite intersection 
property if 

(17.3) ^n-n E in ? 

for every collection i\,...,i n of finitely many indices in I. If X is compact 
and {Ei]i,zi is a collection of closed subsets of X with the finite intersection 
property, then 

(17.4) ' n^ - 

Otherwise, if f] ieI Ei — 0, then J7, = X\Ei would be an open covering of X 
with no finite subcovering. 
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Conversely, if A is not compact, then there is an open covering {U a } a ^A 
of X for which there is no finite subcovering. If E a = X\U a for each a € A, 
then it is easy to see that {E a } ae A is a collection of closed subsets of X with 
the finite intersection property. However, the intersection of all of the E^s 
is empty, because {U a } ae A is an open covering of X. This shows that X is 
compact when the intersection of any collection of closed subsets of X with the 
finite intersection property is nonempty. 

Let J 7 be a filter on X. As in the previous section, T has a refinement that 
converges to an element of X if and only if 

(17.5) n^ - 

Note that {A : A E J 7 } has the finite intersection property, because of the 
definition of a filter and the elementary fact that 

(17.6) A~nB clns 

for every A, B C X. If X is compact, then it follows that every filter on X has 
a refinement that converges to an element of X . 

Conversely, let {Ei}i £ ] be a collection of closed subsets of X with the finite 
intersection property. Let T be the set of all A C X such that 

(17.7) E h n • • • n E in C A 

for some finite collection of indices i\, . . . , i n S I. It is easy to see that T is a 
filter on X. If there is a refinement of T that converges to an element of X, 
then it follows that (~} ieI Ei ^ 0. Thus X is compact when every filter on X 
has a refinement that converges to an element of X. 

18 Ultrafilters 

A maximal filter on a set X is said to be an ultrafilter. More precisely, a filter 
J 7 on A is an ultrafilter if the only filter on X that is a refinement of T is itself. 
If p € X and T v is the collection of subsets A of A such that p G A, then it is 
easy to see that T v is an ultrafilter on X. One can show that every filter has a 
refinement that is an ultrafilter, using the axiom of choice through Zorn's lemma 
or the Hausdorff maximality principle. If A is a compact topological space and 
T is an ultrafilter on A, then it follows that T converges to an element of A. 
More precisely, T has a refinement that converges, as in the previous section, 
and this refinement is the same as F, since JF is an ultrafilter. Conversely, if 
every ultrafilter on a topological space A converges, then A is compact. This 
is because every filter on A has a refinement which is an ultrafilter, and hence 
converges. 

Suppose that J 7 is a filter on a set A, and that B is a subset of A such that 
A n B 7^ for every A e T . Let Tb be the collection of subsets E of X for 
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which there is an A G T such that 



(18.1) 



AnB CE. 



It is easy to see that Tb is a filter on X that is a refinement of J 7 . If T is 
an ultrafiltcr on X, then it follows that Tb = T, and hence that B G T . 
Conversely, suppose that J 7 is a filter on X such that B G T for every B C X 
such that Ani? ^ for every A G J 7 . If J 7 ' is a filter on X that is a refinement of 
J 7 , and if 5 G J"', then A n B G J 7 ' for every AeJCJ', and hence AflB^fl 
for every A e J. It follows that every B G T' is also in J 7 , which means that 
J 7 ' = T . Thus J 7 is an ultrafilter under these conditions. 

Let T be an ultrafiltcr on a set X, and let B be a subset of X. If A n B = 
for some Ae J, then ^4 C A\B, and hence X\B G J 7 . Otherwise, if A n B 7^ 
for every AeJ, then B e J, as in the previous paragraph. This shows that 
for every B C X, either 



when T is an ultrafilter. Conversely, if J 7 is a filter on X with this property, then 
T is an ultrafilter. To see this, let J 7 ' be a filter on X that is a refinement of J 7 . If 
B G T' and X\.B G J 7 C J 7 ', then we get a contradiction, since _B n (X\B) = 0. 
Thus each B G J 7 ' is an element of J 7 , which implies that J 7 ' = J 7 , as desired. 

Let X, Y be sets, and let / be a mapping from X into Y. If J 7 is a filter on 
X, then one can check that 



is a filter on Y. If J 7 is an ultrafilter on X, then f*(T) is an ultrafilter on Y. 
To see this, let B be a subset of Y, and note that / _1 (Y\.B) = XYf-^B), so 
that f~ 1 (B) or f~ 1 (Y\B) is an element of J 7 . Thus _B or Y\£? is an element of 
which implies that J 7 is an ultrafilter on Y, as in the previous paragraph. 

19 Tychonoff 's theorem 

Let {Xi} ie i be a collection of compact topological spaces, and let X = Y\ ieI Xi 
be their Cartesian product. A famous theorem of Tychonoff states that X is 
also compact with respect to the product topology. There is a well-known proof 
of this using ultrafilters, as follows. Let T be an ultrafilter on X, and let us 
show that T converges. Let pi be the standard coordinate projection from X 
onto Xi for each i G /. As before, (j^ ) * (J 7 ) is an ultrafiltcr on Xi for each i E I, 
and hence converges to an element Xi of Xi, by compactness. If x G X satisfies 
Pi(x) = Xi for each i, then we would like to check that T converges to x. Let U 
be an open set in X such that x G U. By the definition of the product topology, 
there are open sets Ui C Xi for each i £ I such that Xi G Ui for each i, Ui = Xi 
for all but finitely many i, and 



(18.2) 



Be J 7 or X\BeT 



(18.3) 



/*(7-) = {ACY:/- 1 (A)e7-} 



(19.1) 
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Because (pi)*(T) converges to Xi for each i, we get that Ui G (pi)*(Fi) for each 
i, which means that p~ 1 (C/i) G J 7 for each i. Of course, 

(19.2) n^=orw 

iei iei 

This is the same as the intersection of pj (Ui) over finitely many i G I, since 
Ui = Xi and hence p~ 1 (C/i) = X for all but finitely many i. It follows that 
the intersection is contained in J 7 , which implies that U is contained in J 7 , as 
desired. 

20 The weak* topology 

Let V be a real or complex topological vector space, and let V* be the dual 
space of continuous linear functionals on V . If v G V, then 

(20.1) L v (X)=X(v) 

defines a linear functional on V * . This is automatically a nice collection of linear 
functionals on V* in the sense of Section^ since A = in V* when X(v) = 
for each v G V. The weak topology on V* corresponding to this collection of 
linear functionals is known as the weak* topology. 

Suppose now that V is equipped with a norm ||u|| that determines the given 
topology on V, and let ||A||* be the corresponding dual norm on V* . Observe 
that L v is a continuous linear functional on V* with respect to ||A||* for each 
v G V. More precisely, 

(20.2) |L„(A)|<||A||*H| 

for every v G V and A G V* 1 by definition of ||A||*. This shows that the dual 
norm of L v as a continuous linear functional on V* with respect to ||A||* is less 
than or equal to \\v\\ for each v G V. The dual norm of L v on V* is actually 
equal to ||«||, since for each v G V there is a A G V* such that ||A||* = 1 and 
X(v) = Hull, by the Hahn-Banach theorem. 

Note that every open set in V* with respect to the weak* topology is also 
an open set with respect to the dual norm. This follows from the fact that L v 
is continuous on V* with respect to the dual norm for each v G V, as in the 
previous paragraph. 

Consider the closed unit ball B* in V* with respect to the dual norm, which 
consists of all A G V* with ||A||» < 1. This is the same as the set of A G V* 
such that |A(u)| < 1 for every v G V with ||u|| < 1. It follows easily from this 
description that B* is a closed set in the weak* topology. The Banach-Alaoglu 
theorem states that B* is a compact set with respect to the weak* topology. The 
basic idea is to show that B* is homeomorphic to a closed subset of a product 
of closed intervals in the real case, or a product of closed disks in the complex 
case, and then use Tychonoff 's theorem. 
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21 Filters on subsets 



Let X be a nonempty set, and let E be a nonempty subset of X. If To is a filter 
on E, then there is a natural filter T\ on X associated to it, given by 



In particular, To C T\. Equivalently, if / : E — > X is the inclusion mapping 
that sends every element of E to itself as an element of X, then T\ = f*(To)- 
Conversely, if T\ is a filter on X such that Ee Ji, then 



is a filter on It is easy to see that this transformation between filters is 
the inverse of the one described in the previous paragraph. Thus we get a 
one-to-one correspondence between filters on E and filters on X that contain 
E as an element. Moreover, refinements of filters on E correspond exactly to 
refinements of filters on X that contain E as an element in this way. Of course, 
any refinement of a filter on X that contains E as an element also contains E 
as an element, and hence corresponds to a filter on E too. 

Suppose now that X is a topological space. It is easy to check that a filter 
T\ on X that contains E as an element converges to a point p € E if and only 
if the corresponding filter To on E converges to p with respect to the induced 
topology on E. Using the remarks about refinements in the previous paragraph, 
it follows that T\ has a refinement on X that converges to an element of E if 
and only if To has a refinement on E that converges to an element of E with 
respect to the induced topology. Hence E is compact if and only if every filter 
T\ on X that contains E as an clement has a refinement that converges to an 
element of E. 

In the same way, ultrafilters on E correspond exactly to ultrafilters on X 
that contain E as an clement, and E is compact if and only if every ultrafilter 
on X that contains E as an element converges to an element of E. 

22 Bounded linear mappings 

Let V and W be vector spaces, both real or both complex, and equipped with 
norms ||w||y, IMIw, respectively. A linear mapping T : V — » W is said to be 
bounded if there is a nonncgativc real number A such that 



for every v,v' G V, and hence that T is uniformly continuous with respect to 
the metrics on V and W associated to their norms. Conversely, if T : V — > W 
is continuous at 0, then there is a 8 > such that 



(21.1) 



T 1 = {BCX :B(lEe To}. 



(21.2) 



To = {A C E : A e -Fi} 



(22.1) \\T(v)\\ w <A\\v\\ v 

for every v G V. Because of linearity, this implies that 

(22.2) \\T(v)-T{v')\\ w <A\\v-v'\\ v 



(22.3) 



\\T(v)\\ w <l 
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for every v e V with \\v\\v < S. It is easy to see that this implies that T is 
bounded, with A = 1/5. 

If T is a bounded linear mapping from V into W, then the operator norm 
\\T\\ op of T is defined by 

(22.4) ||T|| op = sup{||2»|| w : v e V, ||w||v < 1}. 

The boundedness of T says exactly that the suprcmum is finite, and is less than 
or equal to the nonnegative real number A mentioned in the previous paragraph. 
Equivalently, T satisfies the boundedness condition in the previous paragraph 
with A = \\T\\ op , and this is the smallest value of A with this property. Note 
that ||T||„p = if and only if T = 0. 

Let T be a bounded linear mapping from V into W, and let a be a real or 
complex number, as appropriate. Of course, the product a T of o and T is the 
linear mapping that sends v e V to aT(v) in W. It is easy to see that aT is 
also a bounded linear mapping, and that 

(22.5) \\aT\\ op =\a\\\T\\ op . 

Similarly, if R is another bounded linear mapping from V into W, then the sum 
R + T is defined as the linear mapping that sends v G V to R(v) + T(v) in W . 
It is easy to see that R + T is also a bounded linear mapping from V into W, 
and that 

(22.6) \\R + T\\ op <\\R\\ op +\\T\\ op . 

Let BC(V, W) be the space of bounded linear mappings from V into W. It 
follows from the remarks in the preceding paragraph that BC(V, W) is a real 
or complex vector space, as appropriate, with respect to pointwise addition and 
scalar multiplication of linear mappings, and that the operator norm defines a 
norm on this vector space. If W is the one-dimensional vector space of real or 
complex numbers, as appropriate, then B£(V, W) is the same as the dual space 
V* of bounded linear functionals on V, and the operator norm is the same as 
the dual norm on V* . 

Suppose that W is complete as a metric space with respect to the metric 
associated to the norm, so that W is a Banach space. In this case, the space 
BC(V, W) of bounded linear mappings from V into W is also complete with 
respect to the operator norm, and thus a Banach space. To see this, let {Tj}j^ 1 
be a Cauchy sequence in BC(V, W). This means that for each e > there is an 
L(e) > 1 such that 

(22.7) WTj-T^opKt 
for every j, I > L(e). Equivalently, 

(22.8) WW-TMWwKeWvWv 

for every j, I > L(e) and v e V, so that {Tj(v)}^L 1 is a Cauchy sequence in W 
for every v E V. Because W is complete, it follows that {Tj(v)}°^ 1 converges 
in W for every v G V. Put 

(22.9) T(v) = lim Tj(v) 
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for every v € V. It is easy to see that T is a linear mapping from V into W, 
because of the linearity of the T/s. 
Observe that 

(22.10) ||T^)-T(«)|| w < e |M| 

for every j > L(e) and v G V, by taking the limit as I —> 00 in (|22.8I) . In 
particular, 

(22.11) WT^Ww^WTjWWw + eWvW 

when j > L(e). Applying this to e = 1 and j = £(1), we get that 

(22.12) \\T(v)\\ w < \\T L(1) (v)\\ w + \\v\\ < \\T L(1) \\ op \\v\\ + \\v\\. 

This implies that T is bounded, with ||T|| op < ||Ti(i)||op + 1. 
Using (|22.10p . we also get that 

(22.13) \\T 3 ~T\\ op <e 

when j > L(e). Thus {Tj}° c L 1 converges to T with respect to the operator norm. 
This shows that every Cauchy sequence in BC(V, W) converges to an element of 
BC(V, W) when W is complete, as desired. In particular, we can apply this to 
W = R or C, as appropriate, to get that the dual space V* of bounded linear 
functionals on V is complete with respect to the dual norm, since the real and 
complex numbers are complete with respect to their standard metrics. 

Suppose now that Vi, V2, and V3 are vector spaces, all real or all complex, 
and equipped with norms. Let T\ be a bounded linear mapping from V± into 
V2, and let T 2 be a bounded linear mapping from V2 into V3. As usual, the 
composition T 2 o T\ is the linear mapping from Vi into V3 that sends v G Vi to 
T 2 (Ti(v)). It is easy to see that T 2 o T\ is also bounded, and that 

(22.14) ||T 2 oTi|| op ,i3 < ||Ti|| op ,i2 ||T 2 || oP)23 . 

Here the subscripts in the operator norms are included to indicate the vector 
spaces and norms being used. 



23 Topological vector spaces, continued 

Let V be a topological vector space over the real or complex numbers. If v € V 
and A C V, then put 

(23.1) v + A = {v + a : a € A}. 

If A is an open or closed set in V, then v + A has the same property, because 
translations determine homeomorphisms on V. Similarly, if A, B C V, then put 

(23.2) A + B = {a + b : a £ A,b € B}. 
Equivalently, 

(23.3) A + B = (J (a + B) = |J (b + A), 

a£A b£B 
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which shows that A + B is an open set in V as soon as either A or B is open, 
since it is the union of a collection of open sets. 

If A C V and t is a real or complex number, as appropriate, then we put 

(23.4) tA={ta:a£A}. 

If t 7^ and A is an open or closed set in V, then t A has the same property, 
because multiplication by t defines a homeomorphism on V. Of course, t A = {0} 
when t = and A ^ 0. If t = —1, then t A may be expressed simply as — A. 

Suppose that U is an open set in V that contains 0. Continuity of addition 
at in V implies that there are open sets U\,U 2 C V that contain and satisfy 

(23.5) U 1 + U 2 ^ U. 

If v £ V and u ^0, then one can apply this to U = V\{v}, to get that 

(23.6) C/i n (v - U 2 ) = 0. 

Here v — U2 = v+ (—U2), which is an open set in V that contains v. This shows 
that V is Hausdorff, using also translation-invariance of the topology on V. 

Let U be an open set in V that contains again. Continuity of scalar 
multiplication at implies that there is an open set Uq C V that contains and 
a positive real number S > such that 

(23.7) tU a CU 

for every t £ R or C, as appropriate, with \t\ < S. Consider 

(23.8) Uo = (J tU , 

\t\<5 

where more precisely the union is taken over all real or complex numbers t such 
that \t\ < 5, as appropriate. Equivalently, 

(23.9) U = (J tU a , 

0<\t\<5 

since £ Uq, and hence £ Uq. This shows that Uq is an open set in V, because 
it is a union of open sets. 

A set E C V is said to be balanced if 

(23.10) rECE 

for every r £ R or C, as appropriate, with \r\ < 1. Thus every nonempty 
balanced set contains automatically. It is easy to see that the set Uq described 
in the previous paragraph is balanced by construction. This shows that for every 
open set U C V with £ U there is a nonempty balanced open set Uq C U. To 
put it another way, the nonempty balanced open sets in V form a local base for 
the topology of V at 0. 
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Let U be an open set in V that contains again, and let v £ V be given. 
Because Ov = G U, continuity of scalar multiplication at v implies that there 
is a 6(v, U) > such that 

(23.11) tveU 

for every t € R or C, as appropriate, with \t\ < S(v,U). 

Let A be any subset of V, and let U C V" be an open set that contains 0. If 
v is an element of the closure A of A in then 

(23.12) (v-U)C\Aj=$, 

since u — U is an open set in V that contains i>. Equivalently, 

(23.13) veA + U. 
It follows that 

(23.14) ACA+U. 



24 Bounded sets 

Let V be a topological vector space over the real or complex numbers. A set 
E C V is said to be bounded if for every open set U C V with 6 U there is a 
real or complex number t\, as appropriate, such that 

(24.1) ECtiU. 
If U is balanced, then it follows that 

(24.2) ECtU 

for every t £ R or C, as appropriate, such that \t\ > \ti\. 

If U is any open set in V that contains 0, then there is a nonempty balanced 
open set U' C U, as in the previous section. In order to check that a set E C V 
is bounded, it is therefore enough to consider nonempty balanced open sets in 
V, instead of arbitrary neighborhoods of 0. If U is an arbitrary neighborhood 
of in V, then we also get that (|24.2[) holds for all real or complex numbers t, 
as appropriate, for which \t\ is sufficiently large. This follows by applying the 
stronger form of boundedness to a nonempty balanced open subset of U. 

If E C V has only finitely many elements, then it is easy to see that E is 
bounded, using the property (|23.1ip of neighborhoods of in V. It is also easy 
to see that the union of finitely many bounded subsets of V is bounded, using 
the stronger form of boundedness described in the previous paragraphs. If the 
topology on V is determined by a norm ||u||, then a set E C V is bounded if 
and only if ||u|| is bounded on E. Similarly, if the topology on V is determined 
by a nice collection of seminomas J\f, then one can check that a set E C V is 
bounded if and only if each seminorm N € Af is bounded on V . Of course, 
subsets of bounded sets are also bounded. 
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If U is a neighborhood of in V, then 

oo 

(24.3) |J n U = V, 

n=l 

because of (|23.11[) . If K C V is compact, then it follows that 

(24.4) K C m U U • • • U ni U 

for some finite collection n\, . . . , ni of positive integers. If U is also balanced, 
then (|24.4j) implies that 

(24.5) KQnU, 

where n is the maximum of n\ , . . . , ni . This shows that compact subsets of V 
are bounded, since it suffices to check boundedness with respect to nonempty 
balanced open subsets of V, as before. 

Suppose that Ei,E 2 C V arc bounded, and let us check that E\ + E 2 
is bounded as well. Let U be a neighborhood of in V, and let U\, Ui be 
neighborhoods of such that U\ + U 2 C U, as in the previous section. Thus 

(24.6) EjCtUj 

when t is a real or complex number, as appropriate, for which \t\ is sufficiently 
large, and j = 1,2. This implies that 

(24.7) E 1 +E 2 CtU 1 +tU 2 ^tU 

when t £ R or C is sufficiently large, as desired. In particular, it follows that 
translations of bounded sets are bounded, since sets with only one element are 
bounded. 

Let us show now that the closure E of a bounded set E C V is bounded. 
Let U be a neighborhood of in V again, and let U\, U 2 be neighborhoods of 
such that Ui + U 2 C V. Because E is bounded, there is a nonzero real or 
complex number t, as appropriate, such that 

(24.8) E<ZtUx. 
We also have that 

(24.9) ECE + tU 2 , 

as in (|23.14[) . since tU 2 is a neighborhood of in V. Hence 

(24.10) E C E + tU 2 CtUi+tU 2 CtU, 
as desired. 

If E C V is bounded and r is a real or complex number, then it is easy to see 
that r E is bounded too. More generally, suppose that W is another topological 
vector space over the real or complex numbers, depending on whether V is real 
or complex. If T is a continuous linear mapping from V into W and E C V is 
bounded, then it is easy to see that T(E) is bounded in W as well. 
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25 Uniform boundedness 



Let M be a complete metric space, and let £ be a nonempty collection of 
continuous nonnegative real-valued functions on M . Suppose that £ is bounded 
pointwise on M, in the sense that 

(25.1) £{x) = {f(x) : x G M} 

is a bounded set of real numbers for each x G M . Put 

(25.2) £ n = {x G M : f(x) < n for every / G £} 

for each positive integer n. Thus £ n is a closed set in M for every n, because 
the elements of £ are supposed to be continuous functions on M, and 

oo 

(25.3) Q £ n = M, 

n=l 

by the hypothesis that £ be bounded pointwise on M. The Baire category 
theorem implies that £ n has nonempty interior for some n, so that £ is uniformly 
bounded on a nonempty open set in M. 

Now let V be a real or complex vector space with a norm \\v\\, and let A be 
a nonempty collection of continuous linear functionals on V . Suppose that A is 
bounded pointwise on V , so that 

(25.4) A(t>) = {X(v) : A e A} 

is a bounded set of real or complex numbers, as appropriate, for every v G V . If 
V is also complete, then it follows from the argument in the previous paragraph 
that A is uniformly bounded on a nonempty open set in V. Using the linearity 
of the elements of V, one can show that A is actually bounded on the unit 
ball in V, which means that the dual norms of the elements of A are uniformly 
bounded. This is a version of the Banach-Steinhaus theorem. 

Let V* be the dual space of continuous linear functionals on V, as usual. 
Thus V* is equipped with the dual norm ||A||*, as in Section [Til an d also the 
weak* topology, as in Section [20] It is easy to see that every bounded set in 
V* with respect to the dual norm is also bounded with respect to the weak* 
topology, in the sense described in the previous section. Conversely, if V is 
complete, then every bounded set in V* with respect to the weak* topology 
is also bounded with respect to the dual norm, by the principle of uniform 
boundedness described in the previous paragraph. 

Similarly, we can consider V equipped with the weak topology associated 
to the collection of all continuous linear functionals on V with respect to the 
norm, as in Section [5] If E C V is bounded with respect to the norm, then it 
is easy to see that E is also bounded with respect to the weak topology on V . 
Conversely, suppose that E is bounded with respect to the weak topology on 
V . This means that 

(25.5) E(X) = {\{v) : v G E} 
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is a bounded set of real or complex numbers, as appropriate, for each A <E V*. 
As in Section [201 

(25.6) L V (X) — \(v) 

defines a continuous linear functional on V* with respect to the dual norm ||A||* 
for every v G V. Let V** = (V*)* be the space of continuous linear functionals 
on V* with respect to the dual norm on V*. Thus V** is also equipped with a 
weak* topology, as the dual of V* . Consider 

(25.7) C = {L v :»€£}, 

as a subset of V** . It is easy to see that C is bounded with respect to the weak* 
topology on V**, because E is bounded with respect to the weak topology on V. 
We also know that V* is complete with respect to the dual norm, as in Section 
[22l It follows from the discussion in the previous paragraph that C is bounded 
with respect to the dual norm on V** associated to the dual norm on V*. As 
in Section the dual norm of L v as a continuous linear functional on V* is 
equal to the norm of v as an element of V for every v G V , by the Hahn-Banach 
theorem. This implies that E is bounded with respect to the norm on V . 

26 Bounded linear mappings, continued 

Let V, W be topological vector spaces, both real or both complex. A linear 
mapping T : V — > W is said to be bounded if for every bounded set E C V , 
T(E) is a bounded set in W. It is easy to see that continuous linear mappings 
are bounded in this sense, as mentioned at the end of Section [24] Conversely, if 
the topology on V is determined by a norm and T : V — > W is bounded, then T 
is continuous. More precisely, if there is an open set U C V that contains such 
that T(U) is bounded in W, then it is not difficult to check that T is continuous. 
In particular, this condition holds when T : V — > W is bounded and there is a 
bounded neighborhood U of in V. If the topology on V is determined by a 
norm, then one can simply take U to be the open unit ball in V. 

Let V be a vector space over the real or complex numbers equipped with 
a norm. As in the previous section, the uniform boundedness principle implies 
that every bounded set in V with respect to the weak topology is also bounded 
with respect to the norm. Equivalently, the identity mapping on V is bounded 
as a mapping from V with the weak topology into V with the norm topology. 
However, the identity mapping on V is not continuous as a mapping from V with 
the weak topology into V with the norm topology, unless V is finite-dimensional. 
This is because the open unit ball in V with respect to the norm is not an open 
set with respect to the weak topology when V is infinite-dimensional, since an 
open set in V with respect to the weak topology that contains also contains a 
linear subspace of V of finite codimension. 

Similarly, if V is complete, then every bounded set in V* with respect to the 
weak* topology is bounded with respect to the dual norm, as in the previous 
section. This implies that the identity mapping on V* is bounded as a mapping 
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from V* with the weak* topology into V* with the topology determined by the 
dual norm. As in the preceding paragraph, this mapping is not continuous when 
V is infinite-dimensional. Note that V* is infinite-dimensional when V is, by 
the Hahn-Banach theorem. 

Let V, W be topological vector spaces again, both real or both complex. If 
T : V — > W is a bounded linear mapping and a is a real or complex number, as 
appropriate, then aT is also a bounded linear mapping from V into W. This 
follows from the fact that a scalar multiple of a bounded set in a topological 
vector space is bounded as well. Similarly, if R : V — > W is another bounded 
linear mapping, then the sum R + T is bounded too. This uses the boundedness 
of the sum of two bounded subsets of a topological vector space. Now let V\, 
V2, and V3 be topological vector spaces, all real or all complex. If T\ ; V\ — > V% 
and Ti : Va — > V3 are bounded linear mappings, then it is easy to see that their 
composition T2 o T\ is a bounded linear mapping from Vy into V3, directly from 
the definition of a bounded linear mapping. 

27 Bounded sequences 

Let V be a topological vector space over the real or complex numbers. A 
sequence {vj}'^ 1 of elements of V is said to be bounded if the set of Vj's is 
bounded in V. If {Vj}jL 1 converges to an clement v of V, then it is easy 
to see that the set K consisting of the Vj's and v is compact, which works 
as well in any topological space. This implies that convergent sequences are 
bounded, since compact sets are bounded. One can also show this more directly 
from the definitions, which is especially simple when {vj} r ^ 1 converges to 0. 
Similarly, one can check that Cauchy sequences are bounded in V. If {vj} c *^ 1 is a 
bounded sequence in V, and {tj}°^L 1 is a sequence of real or complex numbers, as 
appropriate, that converges to 0, then it is easy to see that {tj converges 
to in V. 

Suppose now that there is a countable local base for the topology of V at 
0. This means that there is a sequence Uy, U2, . ■ . of open subsets of V that 
contain with the property that if U is any other open set in V containing 
0, then Ui C U for some I. As in Section [23l we can also take the Ui's to be 
balanced subsets of V. We may as well ask that U1+1 C Ui for each I too, since 
otherwise we can replace U\ with XJ\ fl • • • (1 £/; for each I. Let {vj}°^ 1 be a 
sequence of elements of V that converges to 0, and let us show that there is a 
sequence of positive real numbers {rj}°° =1 such that Tj — ¥ 00 as j — >■ 00 and 
{ r j v j}j^i converges to in V. 

Because {vj}°^ 1 converges to and I -1 Ui is an open set in V that contains 
for each I, there is a positive integer Ni for each I such that 

(27.1) v 3 e r 1 Ui 

when j > JVj. We may as well ask that Ni + i > Ni for every I too, by increasing 
the Ni's if necessary. Put 

(27.2) rj = I when N t < j < N w , 
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and Tj = 1 when 1 < j < N\ if N\ > 1. Thus rj — > oo as j — > oo, and 
(27.3) r 3 Vj G C/ ; when 2V, < j < N w . 

This implies that rj Vj G t/; when j > Ni, since t/j+i C [// for each Z. It follows 
that {^jfjlj^i converges to in V, as desired. In particular, {rjVj}°^L 1 is a 
bounded sequence in V. 

Let be another topological vector space, which is real if V is real and 
complex if V is complex. If T is a bounded linear mapping from V into W and 
V has a countable local base for its topology at 0, then a well known theorem 
states that T is continuous. To see this, it suffices to show that if {vj}°^ 1 is a 
sequence of elements of V that converges to 0, then {T(vj)}J!L l converges to 
in W . Let {rj}j°-i be a sequence of positive real numbers such that rj — > +oo as 
j — )■ oo and {rj Vj}°° =1 converges to in V, as in the previous paragraphs. Thus 
{ r j v j}]^Li is bounded in V, which implies that {T(rj vj)}°^L 1 is bounded in W, 
since T : V — > W is bounded by hypothesis. It follows that T(vj) = rj 1 T(rj vj) 
converges to as j — ► oo in W, because {r~ } ( jL\ converges to in the real line. 
This shows that T is sequentially continuous at 0, and hence that T is continuous 
at 0, since V has a countable local base for its topology at 0. Of course, a linear 
mapping between topological vector spaces is continuous at every point as soon 
as it is continuous at 0. 



28 Bounded linear functionals 

If V is a topological vector space over the real or complex numbers, then we 
can restrict our attention in the previous section to the case where W is the 
one-dimensional vector space of real or complex numbers, as appropriate. Thus 
a bounded linear functional on V is a linear functional on V that is bounded as 
a linear mapping into R or C. 

Suppose now that V is equipped with a norm ||u||, so that a linear functional 
on V is bounded if and only if it is continuous, as in the previous section. Let 
V* be the dual space of bounded linear functionals on V, which is equipped with 
the dual norm ||A[[*, as in Section[TTJ Let V** be the space of bounded linear 
functionals on V*, which is equipped with a dual norm associated to the 

dual norm ||A||* on V*. As in Section each v G V determines a bounded 
linear functional L v on V*, defined by 

(28.1) L v (X)=X(v), 

and we also have that 

(28.2) = 

This defines an isometric linear embedding v i— ^ L v of V into V**. 

A Banach space V is said to be reflexive if every bounded linear functional 
on V* is of the form L v for some v G V. It is easy to see that finite-dimensional 
Banach spaces are automatically reflexive. If E is a nonempty set, then we have 
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seen in Section [H] that the dual of cq(E) may be identified with l l (E), and we 
have seen in Section [15] that the dual of ^(E) may be identified with £°°(E). In 
this case, the natural embedding of cq(E) into cq(E)** described in the previous 
paragraph corresponds exactly to the standard inclusion of cq(E) in £°°(E) as a 
linear subspace. If E has infinitely many elements, then cq(E) is a proper linear 
subspace of £°°(E), and it follows that cq(E) is not reflexive. 

If V is a real or complex vector space equipped with a norm ||u||, then every 
subset of V* that is bounded with respect to the dual norm is also bounded with 
respect to the weak* topology. This implies that every bounded linear functional 
on V* with respect to the weak* topology is also bounded with respect to the 
dual norm. Conversely, if V is also complete with respect to the norm, then every 
bounded subset of V* with respect to the weak* topology is also bounded with 
respect to the dual norm, as in Section [25] This implies that every bounded 
linear functional on V* with respect to the dual norm is also bounded with 
respect to the weak* topology. However, a linear functional on V* is continuous 
with respect to the weak* topology if and only if it is of the form L v for some 
v G V, as in Section [HI 

29 Uniform boundedness, continued 

Let V be a topological vector space over the real or complex numbers, and let 
A be a nonempty collection of continuous linear functionals on V. Suppose that 
A is bounded pointwise on V, in the sense that 

(29.1) A(«) = {X(v) : A G A} 

is a bounded set of real or complex numbers, as appropriate, for each v G V. This 
is equivalent to asking that A be bounded with respect to the weak* topology 
on the dual space V* of continuous linear functionals on V. If the topology on 
V is determined by a norm, and if V is complete with respect to this norm, then 
A is bounded with respect to the dual norm on V* , as in Section [25] 

Suppose now that V is metrizable and complete, even if the topology on V 
may not be determined by a norm. If A C V* is bounded with respect to the 
weak* topology on V, and hence bounded pointwise on V, then it follows from 
the Baire category theorem that there is a nonempty open set Ux C V on which 
A is uniformly bounded, as before. If u\ G U\, then U = U\ — u% is an open 
set in V that contains 0, and A is also uniformly bounded on U, because the 
elements of A are linear. This is another version of the theorem of Banach and 
Steinhaus. 

Let us restrict our attention now to the case where the topology on V is 
determined by a nice collection of seminorms J\f. More precisely, we ask that 
Af have only finitely or countably many elements, so that V is metrizable, and 
we still ask that V be complete. If A C V* is bounded pointwise on V, then A 
is uniformly bounded on a neighborhood of 0, as in the previous paragraph. In 
this case, this implies that there are finitely many seminorms Ni, . . . , Ni G Af 



40 



and a nonncgative real number C such that 



(29.2) \Mv)\<C maxMv) 

for every v S V. This is analogous to the discussion in Section [7] 

Of course, if there are finitely many seminorms N\,...,Ni 6 M and a C > 
such that the preceding condition holds for every A £ A and v e V, then A is 
bounded pointwise on V. In this situation, the choice of Ni, . . . , Ni is part of 
the uniform boundedness condition. 



30 Another example 

Let V be the vector space of real or complex- valued functions on the set Z + of 
positive integers. If / € V and p is a positive real- valued function on Z+, then 
put 

(30.1) B p (f) = {geV: \f(l) - g(l)\ < p(l) for every I e Z+}. 

Let us say that a set U C V is an open set if for every f & U there is a positive 
real-valued function p on Z + such that 

(30.2) B p (f) C CT. 

It is easy to see that this defines a topology on V, and that B p (f) is an open 
set in V with respect to this topology for every / 6 V and positive function p 
on Z + . Equivalently, V is the same as the Cartesian product of a sequence of 
copies of the real or complex numbers, and this topology on V corresponds to 
the "strong product topology" , generated by arbitrary products of open subsets 
of R or C. 

One can also check that 

(30.3) (/,«?)->/ + 5 

defines a continuous mapping from V x V into V, using the product topology 
onVxV determined by the topology just described on V. Similarly, 

(30.4) f^tf 

is continuous as a mapping from V into itself for each t € R or C, as appropriate. 
However, if /(/) ^ for infinitely many I £ Z + , then 

(30.5) t^-tf 

is not continuous as a mapping from the real or complex numbers with the 
standard topology into V, and so V is not a topological vector space. 

Let Vo be the linear subspace of V consisting of functions / such that f(l) = 
for all but finitely many I € Z + . It is not difficult to verify that Vo is a topological 
vector space with respect to the topology induced by the one just defined on V. 
In particular, if / £ Vo, then f|30 . 5[) is continuous as a mapping from the real or 
complex numbers into V. 
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Let us check that Vq is a closed set in V. Let / G V\Vo be given, and let p 
be defined on Z + by 

(30.6) p(l) = |/(0| 

when /(Z) ^ 0, and p(Z) = 1 otherwise. Thus p(Z) > for every / G Z + . If 
3 G Bp(/), then 

(30.7) |/(/) - g(l)\ <p(l) = |/(0| 

when /(0 ^ 0, which implies that <?(Z) ^ for infinitely many I G Z + . This 
shows that 

(30.8) B p (f) C V\V , 

and hence that V\Vb is an open set in V, as desired. 

Let Ui, U2, ■ ■ ., be a sequence of relatively open sets in Vo containing 0. By 
construction, there is a sequence pi, /? 2 , • ■ • of positive functions on Z + such that 

(30.9) s Pj (o) ny„c Uj 

for each j. Put 

(30.10) p(,) = ^1 

for each j G Z + , so that p(j) is another positive function on Z + . Thus £? p (0)nVb 
is another relatively open set in Vq that contains 0, and 

(30.11) B Pj (0)nV %B p (0)nVo 

for each j, because p(j) < pj(j) for each j. This implies that 

(30.12) Uj£B p (p)nV 

for each j, and it follows that Vo does not have a countable local base for its 
topology at 0. 

Let E be a subset of Vo, and let L(E) be the set of I G Z + for which there is 
an / G -E such that /(0 7^ 0. Also let p be a positive function on Z + such that 

(30.13) p(l) = 

for some /j G -E with /;(/) ^ when Z G L(E). Thus 

(30.14) flttB p (0) 

when Z G E(E') and t G R or C satisfies |t| < Z. If L(E) has infinitely many 
elements, then it follows that 

(30.15) E%tB p {Q) 

for any real or complex number t, as appropriate. This shows that E can have 
only finitely or countably many elements when E is bounded in V . 
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Let Vo,n be the n-dimensional linear subspace of Vo consisting of functions 
/ on Z + such that f(l) = when / > n, for each positive integer n. Note that 

oo 

(30.16) |J V . n = V . 

n=l 

If E C Vo is bounded, then E C Vb, n for some n, as in the previous paragraph. 
In this case, E is also bounded as a subset of Vb,™ m the usual sense, which is 
to say that 

(30.17) Ej = {/(j) :f€E} 

is bounded in R or C, as appropriate, for each j < n. Conversely, if E C Vb ,„ 
and Ej is bounded for each j < n, then E is bounded in Vo, n , and hence in Vq. 

Let t be a positive real- valued function on Z+, and consider the norm A^ T 
on Vq defined by 

(30.18) N T (f)=max\f(j)\T(j). 

If Af is the collection of all of these norms N T on Vq, then it is not difficult to 
check that the topology on V associated to Af is the same as the topology on 
Vo induced from the one on V as before. To see this, observe that the open unit 
ball in V with respect to N T , 

(30.19) {/ G V : N T (f) < 1}, 

is the same as the set of / e V for which there is a positive real number r < 1 
such that 

(30.20) \f(j)\<rr(j)- 1 

for each j e Z + . This is contained in i? p (0) with p = 1/r, and more precisely 
it is equal to 

(30.21) |J B rp (0), 

0<r<l 

which is close enough to show that the topologies are the same. 
Similarly, if a is a positive real- valued function on Z + , then 

oo 

(30.22) <(/) = £l/(i)k(i) 

defines a norm on Vb- Clearly 

(30.23) NM) < Ktf) 
for every / e Vb- In the other direction, if we put 

(30.24) r(j) = j 2 a(j) 
for each j € Z + , then 

oo 1 

(30.25) <(/)<(E^)jVr(/) 
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for every / 6 Vq ■ If M' is the collection of all of these norms N' a on Vq , then 
it follows that TV' determines the same topology on Vq as Af does. Hence the 
topology on Vq associated to Af' is also the same as the one induced on Vq by 
the topology on V defined at the beginning of the section. 

Let N be any seminorm on Vq, and let Sj(l) be the function on Z + equal to 
1 when j = I and to otherwise. If 

(30.26) Ntfj) < a{j) 
for each j S Z + , then we get that 

(30.27) N(f) < N'M) 

for every / £ Vo- More precisely, if / G Vb, n , then / = Y^j=i fU) an( ^ nence 

n 

(30.28) AT(/) < \f(J)\ N(Sj) < K(f)- 

i=i 

This implies that open balls with respect to N are also open sets in Vo. 

Let h be a real or complex- valued function on Z+, as appropriate, and 
consider 

oo 

(30.29) \ h (f) = J2f(j)h(j) 

3=1 

for / G Vb- This defines a linear functional on Vo, and every linear functional 
on Vo is of this form. If 

(30.30) \h(j)\<a(j) 
for each j S Z+, then it follows that 

(30.31) \X h (f)\<K(f) 

for every / G Vo- Thus is continuous on Vq, and hence every linear functional 
on Vo is continuous. 



Part II 

Algebras of functions 

31 Homomorphisms 

Let X be a set, and let JF be an ultrafilter on X. If / is a real or complex- 
valued function on X, then /♦(J 7 ) is an ultrafilter on R or C, as appropriate, as 
in Section [18] If / is bounded on X, then one can check that /*(J r ) converges 
to an element of R or C. In this case, it is a bit simpler to think of / as taking 
values in a compact subset K of R or C, so that / maps J- to an ultrafilter on 
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K, which therefore converges. Although this is not quite the same as f*{F) as 
an ultrafilter on R. or C, they are almost the same, and converge to the same 
limit, as in Section \TT\ 

Let Ljr(f) denote the limit of f*(J-), which may also be described as the 
limit of / along T . If p £ X and T is the ultrafilter T v based at p as in the 
previous section, then Ljr{f) = f(p) for every bounded function / on X. It is 
easy to see that every ultrafilter on X is of this type when X has only finitely 
many elements. Otherwise, if X is an infinite set, then the collection of subsets 
A of X such that X\A has only finitely many elements is a filter on X. Any 
ultrafilter on X which is a refinement of this filter is not the same as T v for any 
peX. 

Observe that 
(31.1) L^(f)eJiX) 
for every / £ £°°(X). In particular, 

(31-2) |M/)| < ll/IU- 

If / is a constant function on X, then L_f(/) is equal to this constant value. 
One can also check that 

(31.3) Lr(f + g) = Lr(f) + Lr(f) 
and 

(31.4) M/s) = M/)^(s) 

for every f,g S £°°(X). This is analogous to standard facts about the limits of 
a sum and product being equal to the corresponding sum or product of limits. 

If X is an infinite set and J- ^ J- p for any p € X, then one can check that 
Lp{f) = for every / e cq(X). Similarly, Ljr(f) is the same as the limit of 
f(x) at infinity when / S c(X), as in Section [T5l Remember that the limit of 
f(x) at infinity defines a continuous linear functional on c(X), with dual norm 
equal to 1 with respect to the £°° norm. Thus Lj^(f) is an extension of this 
linear functional on c(X) to a continuous linear functional on £°°(X), also with 
dual norm equal to 1. The existence of such an extension was mentioned before, 
as a consequence of the Hahn-Banach theorem. 



32 Homomorphisms, continued 

Let A be a nonempty set, and note that the product of two bounded real or 
complex-valued functions on X is bounded as well. Suppose that L is a linear 
functional on f°°(X) which is a homomorphism with respect to multiplication 
of functions, in the sense that 

(32.1) L(fg)=L(f)L(g) 

for every f,g e £°°(X). If L(f) = for every / G £°°(X), then L satisfies these 
conditions trivially, and so we suppose that L(f) ^ for at least one / £ £°°(X). 
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This implies that 
(32.2) 



L(lx) = l, 



where lx is the constant function equal to 1 on X, since lx f — f and hence 

(32.3) L(f) = L(l x f) = L(l x )L(f). 

We would like to show that L is associated to an ultrafiltcr on X, as in the 
previous section. 

If A C X, then let 1a(x) be the indicator function on X associated to A, 
equal to 1 when x G A and to when x G X\A. Thus 1 A — 1a, which implies 
that 

(32.4) L(1 A ) = L(1 2 A ) = L(1 A ) 2 , 
and hence L(1a) = or 1. Because 1a + 1x\a = ^-x, 

(32.5) L(1 A ) + L(1 X \ A ) = L(lx) = 1, 

so that exactly one of L(1a) and L(1 x \a) is equal to 1. If A, B C X, then 
1a 1b = 1af\B, and so 

(32.6) L{l AnB ) = L{l A )L{l B ). 

This shows that L(1a<-\b) = 1 when L(1a) = L(1b) — 1- Similarly, if A C B 
and L(1a) = 1, then AC\B = A, and we get that L(1b) = 1- Of course, 1a = 
when A = 0, so that L(1 A ) = 0. If 

(32.7) T L = {A C X : L(1 A ) = 1}, 

then it follows that Tl is a filter on X. More precisely, Tl is an ultrafiltcr on 
X, since A or JT\A is in Tl for each A C X. 

It is easy to see that L(1a) is the same as the limit of 1a along Tl as in 
the previous section. This implies that L(f) is equal to the limit of / along 
Tl when / is a finite linear combination of indicator functions of subsets of 
X, by linearity. One can also check that finite linear combinations of indicator 
functions of subsets of X are dense in £°°(X). We already know that the limit 
along an ultrafilter defines a continuous linear functional on £°°(X), as in the 
previous section, and we would like to check that L is also a continuous linear 
functional on £°°(X). This would imply that L(f) is equal to the limit of / 
along T for every / 6 £°°(X), by continuity and density. 

Suppose that / is a bounded function on X such that f(x) ^ for every 
x G X and 1// is also bounded. Thus 

(32.8) L(f)L(l/f) = L(l x ) = l, 

and hence L(f) ^ in particular. Equivalently, G f{X) when L(f) = 0. This 
implies that 

(32.9) L(f) G J{X) 
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for every / s £°°(X), since one can reduce to the case where L(f) = by 
subtracting L(f) lx from /, using the fact that L(lx) = 1. In particular, 

(32.10) \L(f)\ < H/IU 

for every / 6 l°° , which implies that L is a continuous linear functional on 
1°°{X) with dual norm equal to 1, as desired. 

33 Bounded continuous functions 

Let X be a topological space, and let Cb(X) be the space of bounded real or 
complex- valued continuous functions on X. As usual, this may also be denoted 
Cb(X, R) or Cfe(X, C), to indicate whether real or complex- valued functions 
are being used. Of course, Cb(X) is the same as £°°(X) when X is equipped 
with the discrete topology. If X is compact, then continuous functions are 
automatically bounded on X . Constant functions on X are always continuous, 
and the existence of nonconstant functions on X depends on the behavior of X. 

Remember that sums and products of continuous functions are continuous. 
Similarly, sums and products of bounded functions are bounded, so that sums 
and products of bounded continuous functions are bounded and continuous. It 
follows that Cb(X) is a vector space with respect to pointwise addition and 
scalar multiplication, and a commutative algebra with respect to multiplication 
of functions. The supremum norm on Cb(X) is defined by 

(33.1) ||/IU P =sup|/(z)|, 

x£X 

and it is easy to see that this is indeed a norm. Moreover, 

(33.2) \\fg\\ 

sup — || /|| sup 1 1 9\\ sup 

for every /, g 6 Cb(X). 

Suppose that is a linear functional on Cb(X) which is also a homomorphism 
with respect to multiplication of functions, in the sense that 

(33.3) <Kfg) = <Kf)<Kg) 

for every Cb(X). If </>(/) = for each / 6 Cb(X), then <p satisfies these 

conditions trivially, and so we also ask that <p(f) ^ for some / G Cb(X). As 
before, this implies that 

(33.4) 0(1* ) = 1, 

where 1* is the constant function equal to 1 at every point in X. Of course, 

(33.5) Mf) = J(P) 
has these properties for every pel. 
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If / is a bounded continuous function on X such that f(x) ^ for every 
x G X, then 1// is also a continuous function on X. If 1// is bounded as well, 
then 

(33.6) </>(/) =<Xlx) = l, 

which implies that (f>(f) 0- If / is any bounded continuous function on X 
such that </>(/) = 0, then it follows that G f(X), since otherwise 1// 6 C{,(X). 
This implies that 

(33.7) m&W) 

for every / G C&(X), by applying the previous statement to / — 0(/) lx- 
In particular, 

(33.8) < \\f\\ sup 

for every / £ C;,(X), so that </> is a continuous linear functional on Cb(X). 
The dual norm of </> with respect to the sumpremum norm is equal to 1, since 
<p{lx) = I- In the complex case, p3.7[) implies that </>(/) G R when / is 
real- valued. In both the real and complex cases, we get that 

(33.9) </>(f) > 

for every bounded nonnegative real- valued function / on X. If A C X is both 
open and closed, then the corresponding indicator function 1a is continuous on 
X, and 4>(1a) is either or 1. 

Let B* be the closed unit ball in the dual of Cb(X), with respect to the 
dual norm associated to the supremum norm on Cb(X). Thus multiplicative 
homomorphisms on Cb(X) are elements of B* , because of p3.8[) . It is easy to 
see that the set of multiplicative homomorphisms on Cb(X) is closed with respect 
to the weak* topology, since 4>(f), </>(#), and 4>(f g) are continuous functions of 
4> G Cb{X)* with respect to the weak* topology for every /, g G Cb{X). The set 
of nonzero multiplicative homomorphisms on Cb(X) is also closed in the weak* 
topology, since it can be described by the additional condition (/)(lx) = 1, and 
4>(lx) is a continuous function of 4> with respect to the weak* topology. Hence 
the set of nonzero multiplicative homomorphisms on Cb{X) is compact with 
respect to the weak* topology, because it is a closed subset of £?*, which is 
compact by the Banach-Alaoglu theorem. 

If p G X, then <p p {f) = f{p) is a nonzero multiplicative homomorphism on 
Cb(X), as before. Thus p h- > tfi p defines a mapping from X into B* . It is easy 
to see that this mapping is continuous with respect to the weak* topology on 
B* , since 4> p {f) = f{p) is continuous on X for every / G Cb{X). 

If X is equipped with the discrete topology, then p i— y <f) p is a one-to-one 
mapping of X into B*, and the topology induced on the set 

(33.10) {4> P : P €X} 

by the weak* topology is the same as the discrete topology. If X is infinite, then 
of course this set is not compact. Let <fi G B* be a limit point of this set with 
respect to the weak* topology, which is therefore not in the set. If / G c(X), 
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then one can check that (/>(/) is equal to the limit of f(x) at infinity on X . This 
is another way to get homomorphisms on £°°(X) extending the limit at infinity 
on c(X). 

34 Compact spaces 

Let X be a compact topological space, and let C{X) be the space of continuous 
real or complex- valued functions on X. This may also be denoted C{X, R) or 
C(X, C), to indicate whether real or complex- valued functions are being used. 
As before, continuous functions on compact spaces are automatically bounded, 
so that C{X) = Cb(X). Let <j> be a nonzero multiplicative homomorphism on 
C(X), as in the previous section. We would like to show that there is a p E X 
such that <f>(f) = f(p) for every / E C{X). 

Suppose for the sake of a contradiction that for each p E X there is a 
continuous function f p on X such that (f>(f p ) ^ f P {p)- We may as well ask also 
that (ft(fp) = 0, since otherwise we can replace f p with f p — (j>(f p ) lx, using the 
fact that 4>(l x ) = 1. Thus f p (p) ^ 0. 

Similarly, we may suppose that f p is a nonnegative real-valued function on 
X for each p E X, by replacing f p with \f p \ 2 if necessary. More precisely, in the 
real case, 

(34.1) 4>(\f P \ 2 ) = </>(/*) = <t>{fpf = 0, 
while in the complex case, 

(34.2) m P \ 2 ) = Hf P T P ) = 4>(f P ) 4>{Tp) = o. 

Of course, we also get that f p (p) > after this substitution. 
Consider 

(34.3) U(p) = {xEX: f p (x) > 0}. 

This is an open set in X for each pel, because f p is continuous, and p E U{p) 
by construction. Thus U(p), p E X, is an open covering of X, and so there are 
finitely many elements p\,...,p n of X such that 

n 

(34.4) X = |J U( Pj ), 

3=1 

by compactness. If / = Y^j=i fpj> tncn / i s continuous on X, cf){f) = 0, and 
f(x) > for every x E X. This is a contradiction, because 1/f is also a 
continuous function on X, which implies that 4>(f) ^ 0, as in the previous 
section. 

35 Closed ideals 

Let X be a topological space, and let C(X) be the space of continuous real or 
complex- valued functions on X. As usual, this is a vector space with respect to 
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pointwise addition and scalar multiplication, and a commutative algebra with 
respect to pointwise multiplication of functions. A linear subspace X of C(X) is 
said to be an ideal if for every a G C(X) and / G I we have that afe C(X). 
In this section, we shall restrict our attention to compact Hausdorff spaces X, 
so that continuous functions on X are automatically bounded. We shall also be 
especially interested in ideals that are closed subsets of C(X) with respect to 
the suprcmum norm. 

HE CX, then let 2 E be the collection of / G C(X) such that f(x) = for 
every x G X. It is easy to see that this is a closed ideal in C(X), directly from 
the definitions. If E is the closure of E in X, then 

(35.1) 1e=Te, 

because any continuous function that vanishes on E automatically vanishes on 
the closure of E as well. Thus we may as well restrict our attention to closed 
subsets E of X. We would like to show that any closed ideal X in C(X) is of 
the form Ie for some closed set E C X. 
If I is any subset of C(X), then 

(35.2) E = {xeX : f(x) = 0} 

is a closed set in X. This is because the set where a continuous function is 
equal to is a closed set, and E is the same as the intersection of the zero sets 
associated to the elements of I. By construction, 

(35.3) 1 C X E . 

We would like to show that equality holds when J is a closed ideal in C(X). 

If <p is a real or complex- valued function on X, then the support of <fi is 
denoted supp <p and is defined to be the closure of the set of x G X such that 
<j)(x) i= 0. Suppose that is a continuous function on X whose support is 
contained in the complement of E in X. If p G supp0, so that p ^ E, then 
there is an f p G 1 such that f p (p) ^ 0. Note that 

(35.4) U(p) = {xeX: f p (x) ± 0} 

is an open set in X , because f p is continuous. Thus U(p), p G supp <f), is an open 
covering of supp^ in X, since p G U(p) for each p. We also know that supp/ 
is compact, because it is a closed set in a compact space. It follows that there 
are finitely many elements p\ , . . . , p n of supp (f> such that 

n 

(35.5) supp <j) C (J U(pj). 
Observe that 

n 

(35.6) El/P'^l 2 >0 

z=i 
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for every x G supp <fi. Put 

(35.7) #r)=0(x)(^|/ P; (x)| 2 ) , 

1=1 

which is interpreted as being when x supp 4>. This is a continuous function 
on X, because it is equal to on a neighborhood of every x G X\s\xpp(j) 1 and 
because it is a quotient of continuous functions with nonzero denominator on a 
neighborhood of every x G supp <f). In the real case, we have that 

n 

(35.8) 4(x) =^ty{x) fj(x)) fj(x) 

3 = 1 

for every x € X, and in the complex case we have that 

n 

(35.9) 0(aO Tito) 

3 = 1 

where fj(x) is the complex conjugate of fj(x). This implies that (f> G X, since 
fj G X for each j, ip fj G C(X) in the real case and if) fj G C(X) in the complex 
case, and X is an ideal. 

Now let / be a continuous function on X such that f(x) = for every x G E, 
and let e > be given. Thus 

(35.10) K(e) = {xeX: \f(x)\ > e} 

is a closed set in X contained in the complement of E. Let V(e) be an open set 
in X such that K(e) C V"(e) and V(e) C X\E. By Urysohn's lemma, there is a 
continuous real-valued function 9 e on X such that 9{x) = 1 for every x G ^ (e), 
e (x) = when x £ V(e), an d < 9 e (x) < 1 for every x G X. In particular, the 
support of 6 e is contained in V(e), which is contained in the complement of E. 
Of course, the support of 9 e f is contained in the support of 9 e . Hence 

(35.11) 9 e feX 

for each e > 0, by the discussion in the previous paragraph. Moreover, 

(35.12) %{x) f(x) - f(x)\ = (1 - 6 e (x)) \f(x)\ < e 

for every x G X, because 1 — 6 e (x) — when x G K(e), \f(x)\ < e when 
x G X\K(e), and < 9 e (x) < 1 for every x G X. This implies that 6 e f ->• / 
uniformly on X as e — > 0. Thus / G X when X is closed with respect to the 
supremum norm, since 9 e f G X for each e > 0. This shows that I = Xe when 
I is a closed ideal in C(X) and E is associated to X as before. 

Let E be any closed set in X, and consider the corresponding closed ideal Xe- 
In particular, Xe is a linear subspace of C(X), and the quotient space C(X)/Xe 
can be defined as a real or complex vector space, as appropriate. By standard 
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arguments in abstract algebra, there is a natural operation of multiplication 
on the quotient, so that the quotient mapping from C{X) onto C{X)/Ie is 
a multiplicative homomorphism, because Ie is an ideal in C(X). If E = 0, 
then Ie — C(X), and C(X)/Ie = {0}, and so we suppose from now on that 
E ^ 0. We also have a homomorphism Re ■ C{X) —> C(E), defined by sending 
a continuous function / on X to its restriction ReU) to E. The kernel of 
this homomorphism is equal to Ie , which leads to a one-to-one homomorphism 
te ■ C(X)/Ie — > C(E). By the Tietze extension theorem, every continuous 
function on E has an extension to a continuous function on X. This says 
exactly that R E (C(X)) = C(E), and hence that r E maps C(X)/I E onto C{E). 

36 Locally compact spaces 

Let X be a locally compact Hausdorff topological space, and let C(X) be the 
space of continuous real or complex- valued functions on X, as usual. If K C X is 
nonempty and compact, then the corresponding supremum seminorm is defined 
on C{X) by 

(36.1) ||/||k-= sup |/(a0|. 

x£K 

Of course, every continuous function / on X is bounded on K, because f(K) is 
a compact set in R or C, as appropriate. It is easy to see that this is indeed a 
seminorm on C(X), and that 

(36.2) ||/0|k<||/|k||ff|k 

for every f,g£ C(X). It follows that multiplication of functions is continuous as 
a mapping from C{X) x C{X) into C(X) with respect to the topology on C(X) 
determined by the collection of supremum seminorms associated to nonempty 
compact subsets of X. 

If X is compact, then we can take X = K, and simply use the supremum 
norm on X. Thus we shall focus on the case where X is not compact in this 
section. Suppose that X is a-compact, so that there is a sequence K\, K2, ■ ■ ■ 
of compact subsets of X such that X = Uz^i K-i- We may also ask that K\ ^ 
and Ki C Ki + \ for each I, by replacing Ki with the union of K\,...,Ki if 
necessary. Moreover, we can enlarge these compact sets in such a way that Ki 
is contained in the interior of JQ+i for each I. This uses the local compactness 
of X, to get that any compact set in X is contained in the interior of another 
compact set. In particular, it follows that the union of the interiors of the Ki's 
is all of X under these conditions. If H is any compact set in X, then the 
interiors of the K^s form an open covering of H, for which there is a finite 
subcovering. This implies that H is contained in the interior of K\ for some I, 
since the K^s are increasing. Hence H C Ki for some I, which implies that the 
supremum seminorms associated to the K{s determine the same topology on 
C(K) as the collection of supremum seminorms corresponding to all nonempty 
compact subsets of X. Therefore this topology on C{X) is mctrizable in this 
case. 
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If E C X and Ie is the collection of / E C(X) such that /(a;) = for every 
x £ E, then is a closed ideal in C(X), as in the previous section. We also 
have that X-g = Ie, where E is the closure of E in X. If I is any subset of 
X and £7 is the set of x E X such that f(x) =0 for every / el, then £7 is a 
closed set in X, and ICI E , We would like to show that I = Ie when I is a 
closed ideal in C(A), as before. Let / be a continuous function on X such that 
/(.x) = for every x E E, and let us check that f El. 

If / has compact support contained in the complement of E, then one can 
show that f E I'm the same way as in the previous section. Otherwise, it suffices 
to show that / can be approximated by continuous functions with compact 
support contained in X\E in the topology of C(X). Let K be a nonempty 
compact set in X, and let e > be given. Thus 



is a compact set in X, since it is the intersection of the compact set K with 
the closed set where |/(a;)| > e. Also, K(c) C X\E, because / = on E 
by hypothesis. Let V(e) be an open set in X such that K(e) C V(e), V(e) is 
compact, and V(e) C X\E. This is possible, because X is locally compact and 
Hausdorff. By Urysohn's lemma, there is a continuous real-valued function 9 £ 
on X which satisfies 6 e (x) = 1 when x E K(e), 9 e (x) = when x E X\V(e), 
and < 9 £ < 1 on all of X. In particular, the support of 9 f is contained in 
V(e), which is a compact subset of X\E. Hence 9 e f is a continuous function 
with compact support in X\E, which implies that 9 f f E I. We also have that 



for every x E K, because 1 — 9 e (x) = when x E K(e), /(x) < e when 
x E K\K(e), and < 8 e (x) < 1 for every x E X. This shows that / can be 
approximated by elements of I in the topology of C(X), which implies that 
/ E I, as desired, since I is supposed to be closed in C(X). 

37 Locally compact spaces, continued 

Let X be a locally compact Hausdorff space, and let C com {X) be the space of 
continuous real or complex- valued functions on X with compact support. As 
usual, this may be denoted C com (X, R) or C com (X, C), to indicate whether 
real or complex-valued functions are being used. If K C X is compact, then 
there is an open set V in X such that K C V and V is compact, because X is 
locally compact. Urysohn's lemma implies that there is a continuous real-valued 
function 9 on X such that 9(x) = 1 when x E K, 9(x) = when x E X\V, and 
< 8{x) < 1 for every x E X. Thus the support of 9 is contained in V, and 
hence is compact. If / is any continuous function on X, then 9 f is a continuous 
function on X with compact support that is equal to / on K. In particular, this 
implies that C com (X) is dense in C(X) with respect to the topology determined 
by supremum seminorms associated to nonempty compact subsets of X. 



(36.3) 



K(e) = {x E K : \f{x)\ > e} 



(36.4) 



\9 e (x) f(x) ~ f(x)\ = (1 - 9 £ (x))\f(x)\ < e 
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Suppose that A is a continuous linear functional on C{X) with respect to 
this topology. This implies that there is a nonempty compact set K C X and 
an nonnegative real number A such that 

(37.1) |A(/)|<A||/||k 

for every / S C(X). In this context, it is not necessary to take the maximum of 
finitely many seminorms on the right side of this inequality, because the union 
of finitely many compact subsets of X is also compact. Note that A(/) = 
when f(x) = for every x £ K, so that A(/) depends only on the restriction of 
/to K. 

Let X* be the one-point compactification of X. Thus X* is a compact 
Hausdorff space consisting of the elements of X and an additional element "at 
infinity", for which the induced topology on X as a subset of X* is the same 
as its given topology. By construction, a set K C X is closed as a subset of 
A"* if and only if it is compact in X. In this case, Tietze's extension theorem 
implies that every continuous function on K can be extended to a continuous 
function on X* , and to a continuous function on X in particular. If X is already 
compact, then one can simply use X instead of X* . 

If A is a continuous linear functional on C(X) that satisfies (|37.1I) . then it 
follows that A corresponds to a continuous linear functional A^- on C(K) in a 
natural way. More precisely, if g is a continuous function on then there is a 
continuous function / on X such that / = g on K, and we put 

(37.2) \ K {g) = X(f). 

This does not depend on the particular extension / of g, by the earlier remarks. 
By construction, Xk satisfies the same continuity condition on C(K) as A does 
on C(X), with the same constant A. 

Let Cq(X) be the space of continuous functions / on X that vanish at 
infinity. This means that for every e > there is a compact set K e C X such 
that 

(37.3) \f(x)\<e 

for every x £ X\K e . This space may also be denoted Co(X, R) or Cq(X, C), 
to indicate whether real or complex-valued functions are being used. If X is 
compact, then one can take K e = X for each e, and Cq{X) = C(X). If X is 
not compact, then / G Co (A") if and only if / has a continuous extension to the 
one-point compactification X* of X which is equal to at the point at infinity. 

Note that continuous functions on X that vanish at infinity are automatically 
bounded, so that Co (AT) C Cb(X). It is not difficult to check that Co (A") is a 
closed linear subspace of C(AT), with respect to the supremum norm. Of course, 
continuous functions with compact support automatically vanish at infinity, 
so that C com (X) C Co(Af). One can also check that Cq(X) is the same as 
the closure of C com (X) in Cb(X) with respect to the supremum norm, using 
functions 9 as before. This is all trivial when X is compact, in which case these 
spaces are all the same as C(X). 
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Suppose that X is not compact, let / be a real or complex-valued continuous 
function on X, and let a be a real or complex number, as appropriate. We say 
that f(x) — >• a as x — > oo in X if for each e > there is a compact set K e C X 
such that 

(37.4) \f(x)-a\<e 

for every x G X\K e . Thus / vanishes at infinity if and only if this holds with 
a = 0. If a is any real or complex number, then f(x) — > a as x — > oo in X 
if and only if f(x) — a vanishes at infinity. It is easy to see that the limit a is 
unique when it exists. Similarly, f(x) — > a as x — > oo in X if and only if / 
has a continuous extension to the one-point compactification X* of X which is 
equal to a at the point at infinity. Note that / is bounded when / has a limit 
at infinity. One can also check that the collection of continuous functions on X 
which have a limit at infinity is a closed linear subspace of Cb(X) with respect 
to the supremum norm. 

38 cr-Compactness 

Let X be a topological space, and let {U a } a& A be a collection of open subsets 
of X such that LUga U a = X, which is to say an open covering of X. Suppose 
that X is cr-compact, so that there is a sequence K\, K 2 , ■ ■ ■ of compact subsets 
of X such that X = [J^Z 1 Ki. Because {U a } ae A is an open covering of K\ 
for each I and K\ is compact, there is a finite set of indices Ai C A such that 
Ki C {J aeAi U a . If B = U^li A-i , then B has only finitely or countably many 
elements, and [J aeB U a = X. Conversely, if X is locally compact and every open 
covering of X can be reduced to a subcovering with only finitely or countably 
many elements, then X is cr-compact. This follows by using local compactness 
to cover X by open sets that are contained in compact sets. In particular, if X 
is locally compact and there is a base for the topology of X with only finitely or 
countably many elements, then X is cr-compact, since every open covering of X 
can be reduced to a subcovering with only finitely or countably many elements 
in this case. 

Suppose that the topology on X is determined by a metric. It is well known 
that there is a base for the topology of X with only finitely or countably many 
elements if and only if X is separable, in the sense that there is a dense set in 
X with only finitely or countably many elements. Compact metric spaces are 
separable, and it follows that X is separable when X is cr-compact. Urysohn's 
famous metrization theorem states that a regular topological space is metrizable 
when there is a countable base for its topology. Note that locally compact 
Hausdorff spaces are automatically regular. 

Suppose now that X is a locally compact Hausdorff topological space which 
is cr-compact. As before, this implies that there is a sequence Ki,K 2 ,--- of 
compact subsets of X such that X = Ki and Ki is contained in the interior 
of Ki + \ for each I. By Urysohn's lemma, there is a continuous real- valued 
function 9i on X for each positive integer I such that 9{x) > when x £ Ki, 
< 0i(x) < 1 for every x G X, and the support of 6>/ is contained in Ki+\. Let 



■55 



aj., a,2, . ■ . be a sequence of positive real numbers such that a i converges, 

and consider 

oo 

(38.1) f(x) = J2a l 9 l (x). 

1=1 

This series converges everywhere on X, by the comparison test. The partial 
sums of this series converge uniformly on X, as in Weierstrass' M-test. Thus 
/ is a continuous function on X, which also vanishes at infinity, because 9i 
has compact support for each I. Moreover, f(x) > for every x G X, by 
construction. 



39 Homomorphisms, revisited 

Let X be a locally compact Hausdorff topological space, and let C(X) be the 
algebra of real or complex- valued continuous functions on X. Also let be linear 
functional on C(X) which is a homomorphism with respect to multiplication. 
If </>(/) 7^ for some / G C{X), then it follows that 0(1 x) = 1, where lx is the 
constant function equal to 1 on X , as before. Let us suppose from now on that 
this is the case. If / is a continuous function on X such that f(x) ^ for every 
x G X, then l/f is defines a continuous function on X as well. This implies 
that (/>(/) 7^ 0, since 

(39.1) 0(/)0(l//)=0(l x ) = l. 

If / is any continuous function on X and c is a real or complex number, as 
appropriate, such that c f(X), then g = f — c lx is a continuous function on 
X such that ^ for every ir G X, so that 0(g) ^ 0. Thus 0(/) ^ c, and 
hence 

(39.2) 0(/) G f(X). 

In particular, if C(X) is the algebra of complex- valued continuous functions on 
X, and / happens to be real- valued, then it follows that 4>(f) G R. 

Suppose now that is continuous with respect to the topology on C(X) 
determined by the supremum seminorms corresponding to nonempty compact 
subsets of X. This means that there is a nonempty compact set K C X and a 
nonnegative real number A such that 

(39.3) l0(/)I<^||/k 

for every / G C(X), as in Section [37] In particular, 0(/) = when f(x) = 
for every x G K, so that 0(/) depends only on the restriction of / to K. As in 
Section [37] again, every continuous real or complex- valued function on K has a 
continuous extension to X, so that determines a continuous linear functional 
4>k on C{K). It is easy to see that 4>k is also a homomorphism with respect 
to multiplication on C(K). Hence there is a p G K such that 4>k (/) = /(p) for 
every / G C(K), as in Section [34] This implies that 

(39.4) 0(/) - /(p) 
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for every / G C{X). 

Alternatively, consider 

(39.5) I^ = {/eC(I):^)=0}. 

It is easy to see that this is a closed ideal in C(X) when is a continuous 
homomorphism on C(X). As in Section [351 there is a closed set E C X such 
that I<j, = Ie, where Ie consists of / G C(A) such that /(x) = for every 
x G E. Note that 1$ has codimension 1 as a linear subspace of C(X), since it 
is the same as the kernel of the nonzero linear functional cj). Using this, one can 
check that E has exactly one element, which may be denoted p. Thus </>(/) = 
for every / G C(X) such that f(p) =0. If / is any continuous function on X, 
then / — f(p) lx is equal to at p, and hence <f>{f — f(p) lx) — 0. This implies 
that 4>(f) = f{p) for every / <E C(X), since <f>(lx) = L 

Remember that the same conclusion holds for every nonzero homomorphism 
4> on C(X) when X is compact, without the additional hypothesis of continuity, 
as in Section [M] Suppose now that A is a locally compact Hausdorff which is 
not compact but er-compact, and that <fi is a nonzero homomorphism on C(A). 
Let X* be the one-point compactification of A, and note that the space C(X*) 
of continuous functions on A* can be identified with the subalgebra of C(X) 
consisting of functions with a limit at infinity, as in Section 1571 The restriction 
of 4> to this subalgebra determines a homomorphism on C(A*), which is nonzero 
because it sends constant functions to their constant values. It follows that there 
is a p G A* such that <fc(f) = f(p) when / G C{X) has a limit at infinity, as in 
Section [34j If p is the point at infinity in A*, then f(p) refers to the limit of / 
at infinity on A. Let us check that p cannot be the point at infinity in A* when 
X is cr-compact. In this case, there is a continuous real- valued function / on A 
that vanishes at infinity such that f(x) > for every x G A, as in the previous 
section. Because <f> is defined on all of C(A), we also have that 4>(f) ^ 0, as 
discussed at the beginning of the section. If p were the point at infinity, then 
we would have that 4>(f) = 0, since / G Cq(X). Thus p G A* is not the point 
at infinity, which means that pel. If g is any bounded continuous function 
on A, then f g G Co (A), which implies that 

(39.6) 4>(Jg) = f(p)g(p), 

and so 

(39.7) 0(/)0(ff) = /(p).9b), 

because is a homomorphism on C(A). This shows that </>((?) = g(p) for every 
bounded continuous function g on A. If h is any continuous function on A and 
e > 0, then 

(39.8) h 



l + e\h\ 2 

is a bounded continuous function on A, and so 4>{h t ) = h e (p). One can also 
check that 

(39.9) 0(M - m 



l + e|0(MI 2 
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for every e > 0, because (f> is a homomorphism. Hence 

(39 10) m = kip) 

for every e > 0, which implies that 4>{h) = h(p) for every h £ C(X). 

40 cr-Compactness, continued 

Let X be a locally compact Hausdorff topological space which is cr-compact, and 
let Ki,K 2 , ■ ■ ■ be a sequence of compact subsets of X such that X = \J^1 1 Ki 
and Ki is contained in the interior of -JQ+i for each By Urysohn's lemma, 
there is a continuous real- valued function 6i on X for each positive integer I 
such that 6i (x) = 1 for every x in a neighborhood of Ki , < 6*; (x) < 1 for every 
x £ X, and the support of Q\ is contained in Ki + \. In particular, 0;(a;) < 9i+x[x) 
for each a; € X and £ > 1. It will be convenient to also put Kq = and 9q = 0. 
Let &i, &2j • • • be a sequence of nonnegative real numbers, and consider 

oo 

(40.1) B{x) = h e x {x) {0i{x) - 0t- 2 (x)). 

1=2 

Note that &i{x) — &i-2{x) — for every a: in a neighborhood of K1-2, and when 
x G X\-K";-|_i, for I > 2. This implies that at most three terms on the right 
side of (|40.1I) are different from for any x £ X, and more precisely that every 
x £ X has a neighborhood on which at most three terms on the right side of 
(|40.1|) arc different from 0, so that B(x) is continuous on X. We also have that 

(40.2) B(x)>bi9 1 (x)>b 1 
when x £ K\, and 

(40.3) B{x) > h (9i(x) - di- 2 (x)) > h 

when x £ K{\Ki-x, I > 2. 

Suppose that E is a bounded subset of the space C{X) of continuous real 
or complex-valued continuous functions on X with respect to the collection of 
supremum seminorms associated to nonempty compact subsets of X. Thus the 
elements of E are uniformly bounded on compact subsets of X, and so for each 
positive integer / there is a nonnegative real number bi such that 

(40.4) \f(x)\ < h 
for every / £ E and x £ K\. This implies that 

(40.5) \f{x)\<B{x) 

for every / £ E and x £ X, where B is as in the previous paragraph. 

Now let <p be a linear functional on C(X) which is a homomorphism with 
respect to multiplication, and which satisfies </>(/) ^ for some / £ C(X). As 
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in the previous section, <f){f) G f(X) for every / G C(X), and in particular 
<t>{f) > when / is a nonnegative real-valued continuous function on X. If 
/ G C(X) satisfies (|40.5j) . then it follows that 

(40.6) W)\< <P(B). 

More precisely, if / is real- valued, then B(x) ± f(x) > for each x G X, and so 

(40.7) <t>(B)±^(f) = 4,(B±f)>0. 

Similarly, if / is complex- valued, then one can use the fact that Rea/(j;) < B 
for each a G C with \a\ = 1 to get that 

(40.8) Re a <£(/) = <f>{Reaf) < <j>{B), 

which implies (|40.6[) . 

This shows that (f> is uniformly bounded on every bounded set E C C(X) 
with respect to the collection of supremum seminorms associated to nonempty 
compact subsets of X. There is also a countable local base for the topology at 
in C(X) with respect to this collection of seminorms, because X is cr-compact. 
It follows that <f> is continuous with respect to this topology on C(X), by the 
result discussed in Section [27j This gives another way to show that there is a 
point pel such that 4>(f) — f(p) for every / G C(X), by reducing to the case 
of continuous homomorphisms, as in the previous section. 



41 Holomorphic functions 

Let U be a nonempty open set in the complex plane C, and let C(U) be the 
algebra of continuous complex-valued functions on U. Of course, U is locally 
compact with respect to the topology inherited from the standard topology on 
C, and it is also cr-compact, because it is a separable metric space, and hence 
has a countable base for its topology. As usual, C(U) gets a nice topology from 
the collection of supremum seminorms associated to nonempty compact subsets 
off/. 

Remember that a complex-valued function f(z) on U is said to be complex- 
analytic or holomorphic if the complex derivative 

(41.1, /(,, = ^f±±RzM 

exists at every point z in U. In particular, the existence of the limit implies 
that / is continuous, so that the space TL(U) of holomorphic functions on U is 
contained in C(U). More precisely, T-L{U) is a linear subspace of C(U), which 
is actually a subalgebra, because the product of two holomorphic functions 
is holomorphic as well. Note that constant functions on U are automatically 
holomorphic, since they have derivative equal to at every point. 

It is well known that H(U) is closed in C(U), with respect to the topology 
determined by the collection of supremum seminorms associated to nonempty 
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compact subsets of U. This is equivalent to the statement that if {fj}j°=i is a 
sequence of holomorphic functions on U that converges uniformly on compact 
subsets of U to a function / on U, then / is also holomorphic on U. To see 
this, one can use the Cauchy integral formula to show that the sequence of 
derivatives {fj}°Z 1 converges uniformly on compact subsets of U, and that the 
limit is equal to the derivative /' of /. 

Let (jibea linear functional on ~H{U) which is a homomorphism with respect 
to multiplication. As before, if <p(f) ^ for some / G H(U), then <f>(lu) = L 
where lu is the constant function on U equal to 1. Let us suppose from now 
on that this is the case. If / is a holomorphic function on U such that f(z) ^ 
for every z G U, then it is well known that 1// is holomorphic on U too. This 
implies that 

(41.2) 0(/W//) = #ltf) = l, 

and hence <fi(f) ^ 0. If c is a complex number such that c $ f(U), then we 
can apply this to / — clu to get that </>(/) ^ c. Thus <p(f) G f(U), as in the 
context of continuous functions. In particular, this holds when f(z) = z for 
every z G U, which is holomorphic with derivative equal to 1 at every point. If 
4>(f) is denoted p when f(z) = z for every z € U, then it follows that p G U. 
We would like to show that 

(41.3) <}>(g) - g(p) 

for every g G H(U). If g(p) = 0, then g can be expressed as 

(41.4) g(z) = (z-p)h(z) 

for some h G H(U), by standard results in complex analysis. This implies that 
4>{g) — 0) by the definition of p and the fact that <f> is a homomorphism. If 
g(p) 0) then one can reduce to the case where g(p) = by subtracting a 
constant from g. 

42 The disk algebra 

Let U be the open unit disk in the complex plane C, 

(42.1) U = {z e C : \z\ < 1}. 
Thus the closure J7 of U is the closed unit disk, 

(42.2) U = {z G C : \z\ < 1}, 

and the boundary 9?7 of U is the same as the unit circle, 

(42.3) dU = {zeC: \z\ = l}. 

Let C(U) be the algebra of continuous complex- valued functions on U, equipped 
with the supremum norm. 
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Let A be the collection of / G C(U) such that the restriction of / to U 
is holomorphic. Thus A is a subalgcbra of C(U), since sums and products of 
holomorphic functions are also holomorphic, which is known as the disk algebra. 
Note that constant functions on U are elements of A, and that A is a closed 
set in C(U) with respect to the supremum norm, for the same reasons as in the 
previous section. If / G A and f(z) ^ for every z G U, then 1// is continuous 
on U and holomorphic on U, and hence is in A too. 

If / G C(U) and < r < 1, then 

(42.4) f r (z)=f(rz) 

is an element of C{U) as well. Note that / is automatically uniformly continuous 
on U, because / is continuous on U and U is a compact set in a metric space. 
Using this, it is easy to see that f r —^f uniformly on U as r — >• 1. 
If / is a holomorphic function on the open unit disk U, then 

oo 

(42.5) f(z) = J2<ijZ j 

1=0 

for some complex numbers a ,ai,... and every z G U. More precisely, z j is 
interpreted as being equal to 1 for every z when j — 0, and the convergence of 
the series when \z\ < 1 is part of the conclusion. The series actually converges 
absolutely for every z G U, and the partial sums converge uniformly on compact 
subsets of U. 

If < r < 1, then 

OO 

(42.6) f r ( z ) = f(rz) = J2^r j z j 

3=0 

for every z G U. Under these conditions, the series converges absolutely when 
\z\ < 1, and the partial sums converge uniformly on U, by the remarks in the 
previous paragraph. If / G A, then / can be approximated uniformly by f r as 
r — > 1, and f r is approximated uniformly by partial sums of its series expansion 
for each r < 1 . It follows that / can be approximated uniformly by polynomials 
in z on U when / G A. 

Let be a linear functional on A which is a homomorphism with respect to 
multiplication. As usual, we suppose that (j>(,f ) ^ for some / G A, so that </> 
sends constant functions on U to their constant values. If / G A and f(z) ^ 
for every z G U, then 1/f G A, and we get that (/>(/) ^ 0. This implies that 

(42.7) <f>{f) G f(U) 
for every / G A, as before. In particular, 

(42.8) |0(/)| < sup \f(z)\ 

\z\<l 

for every / G A, so that (/> is continuous with respect to the supremum norm on 
A. Of course, f(z) = z defines an element of A, and we can put <p(f) = p for 
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this choice of /. Note that p G U, by the previous remarks. If g is a polynomial 
in z, then 

(42.9) 0(ff)=s(p), 

because is a homomorphism. This also works for every g G A, because 
polynomials are dense in A with respect to the supremum norm, and because 4> 
is continuous on A with respect to the supremum norm. 
If / G A, then 

(42.10) sup |/(2)| = sup \f(z)\, 

|*|=1 \z\<l 

by the maximum modulus principle. In particular, if f(z) — for every z G dU, 
then /(z) = for every z G J7. This implies that / is determined on the closed 
disk U by its restriction to the unit circle dU . Using this, one can identify 
the disk algebra with a closed subalgebra of the algebra of continuous complex- 
valued functions on the unit circle. 



43 Bounded holomorphic functions 

Let U be the open unit disk in the complex plane again, and let Ct,(U) be 
the algebra of bounded continuous complex-valued functions on U, equipped 
with the supremum norm. Also let B be the collection of bounded holomorphic 
functions on U, which is the same as the intersection of Cb(U) with H(U). As 
usual, this is a closed subalgebra of Cb(U) with respect to the supremum norm. 

Let <f> be a linear functional on B which is a homomorphism with respect to 
multiplication. Suppose also that </>(/) ^ for some / G B, which implies that 
sends constant functions on U to their constant values. If / G B and \ f(z)\ > S 
for some S > and every z G U, then 1/f is also a bounded holomorphic 
function on U, and it follows that 4>(f) ^ 0, because <f)(f)(f)(l/f) = 1. This 
implies that 

(43.1) </>(/) G 7(17) 

for every / G B, as in the previous situations, and hence that 

(43.2) |^(/)| < sup |/(z)|. 

z|<l 

Thus ^ is a continuous linear functional on B with respect to the supremum 
norm, with dual norm equal to 1, since <p sends constants to themselves. 

Each clement p of U determines a nonzero homomorphism <p p on B, given 
by evaluation at p, or 

(43.3) Mf) = f(p)- 

The collection of nonzero homomorphisms on B is contained in the unit ball of 
the dual of B with respect to the supremum norm, as in the previous paragraph, 
and it is also a closed set with respect to the weak* topology, as in Section l33l 
Hence the collection of nonzero homomorphisms on B is compact with respect 
to the weak* topology on the dual of B, by the Banach-Alaoglu theorem. Of 
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course, the restriction of any nonzero homomorphism on Cb(U) is a nonzero 
homomorphism on £>, which includes evaluation at elements of U. 

Suppose that z\, z 2 , . . ■ is a sequence of elements of U such that \zj\ — > 1 as 
j oo. Also let L be a nonzero homomorphism on £°°(Z + ) which is equal to 
on cq(Z_|_). This determines a nonzero homomorphism on Cb(U), by applying 
L to f(zj) as a bounded function on Z + for each / e Cb{U). If u;i,W2,... 
is another sequence of elements of U such that |i0j-| — > 1 as j —> oo, then we 
can apply L to f(wj) to get another homomorphism on Cb{U). If ^ wi for 
every j, Z > 1, then it is easy to see that these are distinct homomorphisms on 
Cb(U), because one can choose a bounded continuous function / on U such that 
f(zj) = and f(wi) = 1 for each j, I. 

If / is a bounded holomorphic function on U, then one can check that there 
is a C > such that 

(43.4) sup(l-|z|)|/'(z)| <C sup \ f(z)\. 

\z\<l I*|<1 

This follows from the Cauchy integral formula for f'(z) applied to the disk 
centered at z with radius (1 — \z\)/2, for instance. 

Suppose that Zj, wi are as before, and satisfy the additional property that 

\Zi — Wi I 

43.5 hm / = 0. 

]^oo (1-|^|) 

If / is a bounded holomorphic function on U, then 
(43.6) lim (f( Zj ) - f( Wj )) = 0. 

j->oo 

This follows from the fact that (1 — \z\) \f'(z) \ is bounded on U, as in the previous 
paragraph. If L is a nonzero homomorphism on £°°(Z + ) that vanishes on c (Z + ), 
then L applied to f(zj) — f{wj) is equal to 0, so that L applied to f(zj) is the 
same as L applied to f(Wj). This shows that distinct homomorphisms on Cb(U) 
may determine the same homomorphism on B. 

A sequence {zj}j2-i of points in U is said to be an interpolating sequence 
if for every bounded sequence of complex numbers {aj}j2. 1 there is a bounded 
holomorphic function f on U such that f(Zj) = a,j for each j. Equivalently, 
{zj}°Z 1 is an interpolating sequence in U if 
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(43.7) / ^ {f( Zj )} 

maps B onto £°°(Z + ). Of course, (|43.7|) defines a bounded linear mapping 
from B into £°°(Z + ) for any sequence {zj}°°^ 1 of elements of U, and is also a 
homomorphism with respect to pointwise multiplication. A famous theorem of 
Carleson characterizes interpolating sequences in U . In particular, there are 
plenty of them. 
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44 Density 



Let X be a topological space, and let ip be a nonzero homomorphism from 
Cb(X) into the real or complex numbers, as appropriate. As in Section [33l "0 
is automatically a bounded linear functional on Cb(X), and thus an element of 
the dual space Cb(X)* . If p £ X, then let <^ p (/) = f(p) be the corresponding 
point evaluation homomorphism on Cb{X), as usual. We would like to show 
that ip can be approximated by point evealuations with respect to the weak* 
topology on Cb(X)*, so that point evaluations are dense in the set of nonzero 
homomorphisms on Cb{X) with respect to the weak* topology on Cb(X)* . 

More precisely, we would like to show that for any finite collection of bounded 
continuous functions fx, . . , , f n on X and any e > there is a p £ X such that 

(44.1) mm - Mf)\ = Mfi) - fM < e 

for j — 1, . . . , n. Otherwise, there are /i, . . . , f n £ Cb{X) and e > such that 

(44.2) max - /»| >e 

l<j<n 

for every p £ X . We may as well ask also that ip(fj) = for each j, since this 
can always be arranged by subtracting ip(fj) as a constant function on U from 
fj. In this case, (|44.2|) reduces to 

(44.3) max |/ 3 -(p)| > e 

l<J<n 

for each p £ X . 
If 

n 

(44.4) <?(?) = X>»| 2 ' 

i=i 

then g is a bounded continuous function on X, and > e 2 for each p £ U, 
by (|44.3[) . Thus l/g is also a bounded continuous function on X, which implies 
that ip(g) ^ 0, as in Section [331 Of course, g can also be expressed as 

n 

(44.5) g = Y,fl 
in the real case, and as 

n 

(44.6) </ Y^lT 

3 = 1 

in the complex case, where fj is the complex conjugate of fj. In both cases, 
this implies that ip(g) = 0, a contradiction, because ip(fj) = for each j, and 
^ is a homomorphism. 

Let B be the algebra of bounded holomorphic functions on the open unit 
disk U, as in the preceding section. Carleson's corona theorem states that 
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every nonzero homomorphism tp on B can be approximated by point evaluations 
fipif) = f(p)> P e U, with respect to the weak* topology on the dual of B. As 
before, if this were not the case, then there would be bounded holomorphic 
functions /i, . . . , /„ on U and e > such that ip(fj) = for j = 1, . . . , n and 
(|44.3[) holds. However, the previous argument does not work, because fj is not 
holomorphic on U unless fj is constant. Instead, one can try to show that there 
are bounded holomorphic functions g\, . . . ,g n on U such that 



for every p S U, which would give a contradiction as before. 

45 Mapping properties 

Let X be a topological space, and let us use Hom(X) to denote the set of nonzero 
homomorphisms from Cb{X) into R or C, as appropriate. In situations in which 
other types of algebras are considered as well, this may be denoted more precisely 
as Hom(C&(X)), to avoid confusion. As in Section [331 Hom(A) is a compact 
subset of Cb(X)* with respect to the weak* topology. 

If p S X, then 4> p (f) = f(p) is an element of Hom(A), and we let Homi(X) 
be the subset of Hom(A) consisting of homomorphisms on Cb(X) of this form. 
Thus Hom(X) = Hom^X) when X is compact, as in Section [M] Otherwise, 
Homi(A) is dense in Hom(X) with respect to the weak* topology on C&(X)* 
for any X, as in the previous section. 

We have also seen in Section [33] that p n> (f> p is continuous as a mapping 
from X into Cb{X)* with the weak* topology. By definition, this mapping sends 
X onto Homi(JT) in Cb(X)* . If X is compact, then it follows that Homi(X) 
is compact with respect to the weak* topology on Cb(X)* , and hence closed. 
This gives another way to show that Homi(X) = Hom(A) when X is compact, 
since Hom(A) is the same as the closure of Homi(X) with respect to the weak* 
topology on Cb(X)* for any X. 

Note that p t-> (j> p is a one-to-one mapping of X into Cb(X)* exactly when 
continuous functions separate points on X. If X is completely regular, then it 
is easy to see that p h > <\> v is a homeomorphism from X onto Homi(A) with 
respect to the topology on Homi(JT) induced by the weak* topology on Cb(X)* . 
In particular, if X is compact and Hausdorff, then p H y cj} p is a homeomorphism 
from X onto Hom(A) with respect to the topology on Hom(X) induced by 
the weak* topology on Cb(X)* . Remember that compact Hausdorff topological 
spaces are normal and hence completely regular. 

Now let Y be another topological space, and let p be a continuous mapping 
from X into Y, This leads to a linear mapping T p : Cb(Y) — > Cb(X), defined by 
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(44.7) 




(45.1) 



W) = /°p 
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for each / 6 Cb(Y). Observe that 

(45.2) \\T p (f)\\ sup , x < WfWsup.y 

for every / e CbiY), where the subscripts X, Y indicate on which space the 
supremum norm is taken. This shows that T p is a bounded linear mapping from 
CbiY) into Cb(X) with respect to the supremum norm, with operator norm 
less than or equal to 1, and the operator norm is actually equal to 1, because 
Tpily) = lx- If p{X) is dense in Y, then T p is an isometric embedding of 
Cb(Y) into Cb{X) with respect to their supremum norms. 

Let T* : C b (X)* -> C b (Y)* be the dual mapping associated to T p . This 
sends a bounded linear functional A on Cb(X) to the bounded linear functional 
p = T*(X) defined by 

(45.3) p(f) = X(T p (f)) = X(fop) 

for each / 6 Cb(Y). The fact that /i = T*(X) is a bounded linear functional 
on CbiY) uses the fact that T p is a bounded linear mapping from Cb(Y) into 
Cb(X), as well as the boundedness of A on Cb(X). Similarly, it is easy to see 
that T* is bounded as a linear mapping from Cb(X)* into CbiY)* with respect 
to the corresponding dual norms. It is also easy to see that T* is continuous as 
a mapping from Cb{X)* into Cb(Y)* with respect to their corresponding weak* 
topologies. 

Observe that T p is a homomorphism from CbiY) into Cb(X), in the sense 
that 

(45.4) T p (fg)=T p (f)T p (g) 

for every /,j £ CbiY). If A is a homomorphism from Cb(X) into the real or 
complex numbers, as appropriate, then it follows that T*(X) is a homomorphism 
on CbiY) too. If A is a nonzero homomorphism on Cb(X), so that \(lx) = 1, 
then T*(X) is nonzero on CbiY) too, because 

(45.5) T;(X)(1 y ) = X(T p (l Y ) = A(1 Y o p) = X(l x ) = 1. 

Thus T p *(Hom(X)) C Hom(y) 
If q G Y, then let = 
C b (Y). Observe that 
(45.6) 

for each p £ X, since 
(45.7) T;(^, p )(/) = 4> p (T p (f)) = 4> p (f ° P) = = ^( P )(/) 

for every / G C 6 (F). Thus T p *(Homi(X)) C Homi(F). If p(AT) is dense in 
y, then it follows that T*(Homi(X)) is dense in Homi(F) with respect to the 
weak* topology on CbiY)* , because q >->• t\) q is a continuous mapping from Y 
into CbiY)* with respect to the weak* topology on CbiY)*. This implies that 
T*(Honii(X)) is dense in Hom(F) with respect to the weak* topology on CbiY)* 
when p(X) is dense in Y, since Homi(F) is dense in Hom(F) with respect to 
the weak* topology on C(,(Y)*. 



f(q) be the corresponding point evaluation on 

T P {<t>p) = i> P (p) 
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If p(X) is dense in Y, then we also get that 
(45.8) T*(Hom(X)) = Hom(Y). 

Remember that Hom(X) is compact in Cb(X)* with respect to the weak* topol- 
ogy, which implies that T*(Hom(Jf)) is compact in C\(Y)* with respect to the 
weak* topology, because T* is a continuous mapping from Cb(X)* into Cb(Y)* 
with respect to their weak* topologies. Hence T*(Hom(X)) is a closed set 
in Cb(Y)* with respect to the weak* topology. This implies that Hom(y) is 
contained in T*(Rom(X)), because T*(Homi(X)) C T*(Hom(X)) is dense in 
Hom(y) with respect to the weak* topology on Cb(Y)* when p(X) is dense in 
Y, as in the previous paragraph. Therefore (145.8)) holds, since T*(Hom(X)) is 
contained in Hom(Y) automatically. 

Suppose now that Y is compact and Hausdorff, so that Honii(y) = Hom(F), 
and q i— >• i\) q defines a homeomorphism from Y onto Hom(Y) with respect to 
the topology on Hom(F) induced by the weak* topology on Cb(Y)* . In this 
case, the restriction of T* to Hom(X) can be identified with a mapping into 
Y. If p(X) is dense in Y , then we get a mapping from Hom(X) onto Y , as in 
the previous paragraph. If X is completely regular, so that p i-> tp p defines a 
homeomorphism from X onto Homi(X) with respect to the topology induced 
on Homi(X) by the weak* topology on Cb(X)* , then the restriction of T* to 
Hom(X) is basically an extension of p. If X is compact and Hausdorff, then the 
restriction of p to Hom(X) is essentially the same as p itself. 

46 Discrete sets 

Let X be a nonempty set, and let f3X be the set of all untrafilters on X. As 
in Sections [31] and 1321 there is a natural one-to-one correspondence between 
j3X and the set of all nonzero homomorphisms on £°°(X). If X is equipped 
with the discrete topology, then 1°°{X) is the same as Cb(X), and the set of 
nonzero homomorphisms on £°°(X) is the same as the set Hom(X) discussed 
in the previous section. In this section, we shall see how properties of Hom(X) 
can be described more directly in terms of ultrafilters on X. 

IfACX, then let A C (3X be the set of ultrafilters T on X such that A e T . 
Thus X = /3X, and there is a natural one-to-one correspondence between A and 
PA for any A, in which an ultrafilter on A is extended to an ultrafilter on X 
that contains A as an element, as in Section [2TJ It is easy to see that 

(46.1) AKB = AC\B 
for every A, B C X. Moreover, 

(46.2) X\A = X\A = PX\A 

for every A C X, because any ultrafilter T on X contains exactly one of A and 
X\A as an element. It follows that 

(46.3) AU~B = A\JB 



67 



for every A, B C X. 

Let us define a topology on (3X by saying that a subset of f3X is an open set 
if it can be expressed as a union of subsets of the form A, A C X. Equivalently, 
A is an open set in f3X for each 4 C I, and these open subsets of j3X form a 
base for the topology of (3X. It is easy to see that the intersection of two open 
subsets of PX is also open, so that this does define a topology on /3X, because 
of the fact about intersections mentioned in the previous paragraph. The fact 
about complements mentioned in the previous paragraph implies that A is both 
open and closed for every A C X. 

If J 7 is an ultrafilter on X , then let Ljr be the corresponding homomorphism 
on £°°(X), as in Section^]] Let A be a subset of X, and let 1a be the indicator 
function on X corresponding to A, so that 1a{%) — 1 when x G A and 1a(x) = 
when x G X\A. It is easy to check that 

(46.4) Ljr(l A ) = 1 when A E J 7 

= when X\A G J 7 , 

directly from the definition of Ljr. Remember that J 7 H> Ljr defines a one-to-one 
correspondence between (3X and the set Hom(X) of nonzero homomorphisms on 
£°°{X) = Cb(X). Using (|46.4[) . one can check that A corresponds to a relatively 
open subset of Hom(X) with respect to the weak* topology on £°°{X)* for each 
A C X. This implies that every open set in (3X with respect to the topology 
described earlier corresponds to a relatively open set in Hom(X) with respect 
to the weak* topology on £°°{X). Conversely, one can show that relatively open 
subsets of Hom(X) with respect to the weak* topology on £°°(X)* correspond 
to open subsets of j3X. This uses the facts that finite linear combinations of in- 
dicator functions of subsets of X are dense in £°°(X), and that homomorphisms 
on £°°(X) have bounded dual norm. 

In particular, pX should be compact and Hausdorff with respect to the 
topology defined before, because of the corresponding properties of Hom(X) 
with respect to the topology induced by the weak* topology on £°°(X)*. Let 
us check these properties directly from the definition of the topology on (3X. If 
J 7 , J 7 ' are distinct ultrafilters on X, then there is a set ACI such that A G T 
and X\A G F'. Hence J 7 G A and J 7 ' G X\A, so that J 7 , J 7 ' are contained in 
disjoint open subsets of (3X, which implies that j3X is Hausdorff. 

To show that (3X is compact, let U be an arbitrary ultrafilter on f3X, and 
let us show that U converges to an element of /3X. Let F be the collection of 
subsets A of X such that A G U. It is easy to see that J 7 is a filter on X, because 
U is a filter on f3X. If A C X, then either A or X\A = f3X\A is an element 
of U, because U is an ultrafilter on j3X. This implies that either A or X\A is 
an element of T for every A C X, and hence that T is an ultrafilter on X. It 
remains to check that U converges to T as an element of (3X. By definition, 
this means that every neighborhood of T in /3X should be an element of 1A. 
Because the sets A, A C X, form a base for the topology of (3X, it suffices to 
have A G U for every A C X such that A G J 7 , which follows from the definition 
of T. 
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li p £ A, then the collection T v of A C A with p £ A is an ultrafilter on 
X. Thus p T v defines a natural embedding of X into j3X. It is easy to 
see that the set of ultrafilters F pi p £ X, is dense in /3A with respect to the 
topology defined earlier. One can also check that the homomorphism Ljr on 
£°°(X) corresponding to T v is the same as evaluation at p. 

Let Y be a compact Hausdorff topological space, and let p be a mapping 
from X into Y. If T is an ultrafilter on X, then we can define p*(F) as usual as 
the collection of sets E C Y" such that p^ 1 (E) £ J 7 . In particular, we have seen 
that p*(J-) is an ultrafilter on Y. It follows that p*(T) converges to a unique 
element of Y, because Y is compact and Hausdorff. Let p{F) be the limit of 
p*(T) in Y, which defines p as a mapping from j3X into Y. If p £ X, then 
it is easy to see that p(J- p ) = p{p). Thus p is basically an extension of p to a 
mapping from /3X into Y. 

Let us check that p is continuous as a mapping from f3X into Y\ Let T be 
an ultrafilter on X, and let be an open set in Y that contains ~p{J-) as an 
element. Because Y is compact and Hausdorff, it is regular, which implies that 
there is an open set V in Y such that p{J-) £ V and the closure V of in Y is 
contained in W. Remember that p*(J-) converges to p{F) in Y, which implies 
that V £ This implies in turn that p -1 (V) £ J 7 , by the definition of 

Put A = so that A is an open set in f3X that contains T as 

an element. Let T' be any other ultrafilter on X that is an element of A. This 
means that = 4 £ J 7 ', and hence that A £ p^J 7 '). By construction, 

p*{J-') converges to in Y, which implies that p(J-') £ V. This shows that 

p{J-') £ V C W for every J 7 ' £ A, and hence that p is continuous at T for every 
J 7 £ j3X, as desired. 

47 Locally compact spaces, revisited 

Let X be a locally compact Hausdorff topological space which is not compact, 
and let X* be the one-point compactification of X, as in Section [37J Also let 
Cli m {X) be the space of continuous real or complex- valued functions on X which 
have a limit at infinity, as in Section 1371 As usual, this may also be denoted 
Cii m (X, R) or Cnm(X, C), to indicate whether real or complex- valued functions 
are being used. As in Section |37l Cu m (X) is a closed subalgebra of the algebra 
Cb{X) of bounded continuous functions on X with respect to the supremum 
norm, and Cu m (X) is the same as the linear span in Cb{X) of the subspace 
Co (A) of functions that vanish at infinity on X and the constant functions on 
X. Equivalently, Cu m (X) is the same as the space of continuous functions on 
X that have a continuous extension to A*. 

Thus a nonzero homomorphism <fi from Cu m (X) into the real or complex 
numbers, as appropriate, is basically the same as a nonzero homomorphism 
on C(A*). As in Section [34j every nonzero homomorphism on C(A*) can be 
represented by evaluation at a point in A*, because A* is compact. This point 
in A* is either an element of A, or the point at infinity in A*. This implies 
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that either there is a p G X such that 



(47.1) 4>(f) = f(p) 
for every / G C Km (X), or that 

(47.2) f(x) -> (/>(/) as a: ->• oo 

for every / G C iim (X). 

Suppose now that <f> is a nonzero homomorphism on Cb(X). The restriction 
of to Ciim{X) is a nonzero homomorphism on Cn m (X), since 0(lx) = 1- If 
<J)(f) = f(p) for some p € X and every / G Cu m (X), then we would like to check 
that this also holds for every / G Cb(X). To see this, we can use Urysohn's 
lemma to get a continuous function 9 with compact support on X such that 
9(p) = 1. Let / be a bounded continuous function on X, and observe that 
Of G Cu m {X), because it has compact support on X. This implies that 

(47.3) 0(# /) = (9 f)(p) = 6{p) f{p) = f(p), 
since 0{p) — 1. Similarly, 

(47.4) 0((1 - 9) f) = 0(1 - 8) 0(/) = (1 - 0(p)) 0(/) = 0. 

More precisely, this uses the hypothesis that is a homomorphism on Cb(X) 
in the first step, and then the fact that 1 — 9 G Cu m (X) to get that 0(1 — 9) is 
equal to 1 — 9{p). Combining these two equations, we get that (j>{f) — f(p), as 
desired. 

Let p be the standard embedding of X into X*, which sends each p G X to 
itself as an element of X*. As in Section |45l this leads to a mapping T p from 
C(X*) into Cb(X), which sends C(X*) onto Cu m {X) in this case. The corre- 
sponding dual mapping T* sends the set Hom(X) of nonzero homomorphisms on 
Cb(X) into the analogous set Hom(X*) for X*, which can be identified with X* , 
because X* is compact and Hausdorff. Remember that Homi(X) C Hom(X) 
is the set of homomorphisms on Cb(X) defined by evaluation at elements of X , 
and that T* maps Homi(X) to the point evaluations on C(X*) that correspond 
to elements of X. The discussion in the previous paragraph implies that T* 
sends every other element of Kom(X) to the point evaluation on C(X*) that 
corresponds to the point at infinity in X*. 

48 Mapping properties, continued 

Let U be the open unit disk in the complex plane, so that U is the closed unit 
disk. Also let p be the standard embedding of U into U, which sends each z G U 
to itself as an element of U. This leads to a mapping T p from C(U) into Cb(U), 
as in Section 1451 which sends a continuous function / on U to its restriction to 
U. The dual mapping T* : Cb{U)* -)• C(U)* sends the set Hom(£7) of nonzero 
homomorphisms on Cb(U) into the analogous set Hom([/) for U, as before. If <f> 
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is a nonzero homomorphism on Cb(U), then T*(cf>) is basically the same as the 
restriction of <j> to C(U), which is identified with a subalgebra of Cb{U). Each 
nonzero homomorphism on C(U) can be represented as a point evaluation, as 
in Section [Ml If there is a p £ U such that <j>(f) = f(p) for every / £ C(U), 
then the same relation holds for every / £ Cb(U), as in the previous section. If 
4> £ Hom(U) does not correspond to evaluation at a point in U, then it follows 
that the restriction of tj> to C(U) corresponds to evaluation at a point in dU . 

Let A be the algebra of continuous complex-valued functions on U that 
are holomorphic on U, as in Section |42j and let B be the algebra of bounded 
holomorphic functions on U, as in Section 03l If / £ A, then the restriction of 
/ to U is an element of B, and / is determined on U by its restriction to U, by 
continuity. Thus we can identify A with a subalgebra of B. 

Let Hom(.A), Hom(£>) denote the sets of nonzero homomorphisms from A, 
B into the complex numbers, respectively. As in Sections [42] and [43J these are 
subsets of the duals of A, B, and we are especially interested in the topologies 
induced on Hom(„4), Hom(£>) by the weak* topologies on the corresponding 
dual spaces. 

If p £ U, then 4> p {f) — f(p) defines a homomorphism on A, and we have seen 
in Section|42]that every nonzero homomorphism on A is of this form. Of course, 
<pp(f) = f(p) is a continuous function on U for every / £ A, by definition of 
A, which implies that p H ► <f> p is continuous as a mapping from U into Hom(„4) 
with respect to the weak* topology on A. If fi(z) is the element of A defined 
by fi( z ) = z for each z £ U, then (f) p (fi) = p for each p £ U. This shows that 
p M- <\> v is actually a homeomorphism from U onto Hom(_4) with respect to the 
topology induced on Hom(.4) by the weak* topology on A*. 

Similarly, if p £ U, then 4> p (f) = f(p) defines a nonzero homomorphism on 
£>, and p H> <p p defines a continuous mapping from U into Hom(£>) with respect 
to the weak* topology on B*. Let Homi(£>) be the set of homomorphisms on B 
of this form. If fi(z) is the element of B defined by fi(z) = z for each z £ U, 
then 4> p (fi) = p for each p £ U. This implies that p n> <fi p is a homeomorphism 
from U onto Homi(£>) with respect to the topology induced on Honii(£>) by the 
weak* topology on B* . 

If cj) is a nonzero homomorphism on B, then the restriction of <j) to A is a 
nonzero homomorphism on A. This defines a natural mapping from Hom(S) 
into Hom(„4). It is easy to see that this mapping is continuous with respect to 
the topologies induced on Hom(^l), Hom(£>) by the weak* topologies on A*, £>*, 
respectively. 

Let /i be the element of B defined by fi(z) = z for each z £ U again. Also 
let 4> be a nonzero homomorphism on B, and put p = 0(/i). Note that p £ U, 
since <j) has dual norm equal to 1 with respect to the supremum norm on B, 
as in Section 03l If / 6 A, then (/>(/) = /(p), by the arguments in Section 1421 
applied to the restriction of <j) to A. 

Suppose that p £ U, and let us check that 4>(f) = f(p) for every f £ B. Any 
holomorphic function / on U can be expressed as 

(48.1) f(z) = f(p) + (z-p)g(z) 
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for some holomorphic function g on U, and g is also bounded on U when / is. 
This implies that cj>(f) — f(p) for every / € B, because applied to z — p is 
equal to 0, by definition of p. If G Hom(B)\Homi(S), then it follows that 
p G dU . This is analogous to the situation for bounded continuous functions on 
U mentioned at the beginning of the section. 

Let us take Cb{U) to be the algebra of bounded continuous complex- valued 
functions on U, so that B is a subalgebra of Cb(U). Let us also use Hom(Cf,([/)) 
to denote the set of nonzero homomorphisms on Cb(U), to be more consistent 
with the notation for B. If is a nonzero homomorphism on Cb{U), then the 
restriction of <f> to B is a nonzero homomorphism on B. This defines a natural 
mapping R from Hom(Cf, (t7)) into Hom(£>), which is easily seen to be continuous 
with respect to the topologies induced by the weak* topologies on Cb(U)* and 
B*, respectively. 

By construction, R sends Homi(Cb(l/)) onto Homi(S). We also know that 
Hom(Cb(U)) is compact with respect to the weak* topology on Cb(U)* , which 
implies that R(Hom(Cb(U))) is compact with respect to the weak* topology on 
B*. In particular, R(Rom(Cb(U))) is closed with respect to the weak* topology 
on B* . As in Section [44] Carleson's corona theorem states that Homi(£>) is 
dense in Hom(23) with respect to the weak* topology on B*. It follows that R 
maps Hom(Cf,(t/)) onto Hom(£>), so that every nonzero homomorphism on B is 
the restriction to B of a nonzero homomorphism on Cb(U). 

49 Banach algebras 

A vector space A over the real or complex numbers is said to be an (associative) 
algebra if every a, b G A has a well-defined product a b G A which is linear in a 
and b separately and satisfies the associative law 

(49.1) (ab)c — a(bc) for every a, b, c G A. 

We shall be primarily concerned here with commutative algebras, so that 



for each a, b G A. We also ask that there be a nonzero multiplicative identity 
element e in A, which means that e ^ and 



for every a G A. We have seen several examples of algebras of functions in the 
previous sections, for which the multiplicative identity element is the constant 
function equal 1. 

Suppose that A is equipped with a norm ||a||. This norm should also be 
compatible with multiplication on A, in the sense that ||e|| = 1 and 



(49.2) 



ab = ba 



(49.3) 



e a = a e = a 



(49.4) 



IMII<NI IN 
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for every a, b s A. We say that A is a Banach algebra if it is also complete as 
a metric space with respect to the metric d(a,b) = \\a — b\\ associated to the 
norm. The algebra of bounded continuous functions on any topological space 
is a Banach algebra with respect to the supremum norm. Closed subalgebras 
of Banach algebras are also Banach algebras, such as the disk algebra and the 
algebra of bounded holomorphic functions on the unit disk. 

Suppose that A is any Banach algebra, and let a be an element of A. If n 
is a positive integer, then a™ is the product a a ■ ■ ■ a of n a's in A, which can 
also be described by a n — a when n = 1, and a n+1 = aa n for every n. This is 
interpreted as being equal to the multiplicative identity element e when n = 0. 
Observe that 

(49.5) ||o n || < \\a\\ n 

for each n > 0, where again the right side is interpreted as being equal to 1 
when n = 0. 

An clement a of A is said to be invertible if there is another element a -1 of 
A such that 

(49.6) aaT 1 = aT 1 a = e. 

It is easy to see that the inverse aT 1 of a is unique when it exists. If a, b are 
invertible elements of A, then their product a & is also invertible, with 

(49.7) (ab)- 1 =b~ 1 a~K 

If x is an invertible element of A and y is another element of A that commutes 
with x, so that xy — yx, then y also commutes with x~ x , 

(49.8) yx- 1 =x~ 1 y. 

If a, b are commuting elements of A whose product a b is invertible, then a, b 
are also invertible, with 

(49.9) a-^biab)- 1 , b' 1 = (ab)- 1 a. 

This uses the fact that a, b commute with (ab)- 1 , since they commute with ab. 
Note that these statements do not involve the norm on A. 
If a G A and n is a positive integer, then 



■11 Th 

(49.10) (e - a) ( ^ o J ') = ( ^ o J ') (e - a) = e - 



M I — (X^ C — U, 

This is basically the same as for real or complex numbers. If ||a| < 1, then 
(49.11) lim a" = 



in A, since ||a n || < ||a||" — >• as n -> oo. Similarly, 

oo oo 1 

(49.12) £|| a J||<£|| ||J = 



J=0 j=0 
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As in the context of real or complex numbers, the convergence of Y^jLo ll aJ l 
means that X^lo flJ converges absolutely. More precisely, this implies that the 
partial sums Y^j=o a * °^ ^J=o ^ f° rm a Cauchy sequence in A, which converges 
when A is complete. It follows that 

oo oo 

(49.13) (e-«)(E a ') = ( E ( e ~ a ) = e 

when aei, ||a|| < 1, and A is a Banach algebra. Thus e — a is invertible in A 
under these conditions, with 

oo 

(49.14) (e-a) -1 =E° J - 
We also get that 

(49.15) \\(e-a)-'\\< ' 



i-N 

If 6 is any invertible element of A and ||a|| < 1, then b — a is also invertible 

in .4, because 

(49.16) b-a= (e-a6 _1 )6 

and e — a6 _1 is invertible by the previous argument. This shows that the 
invertible elements in a Banach algebra A form an open set in A with respect 
to the metric associated to the norm. 

Let A be a real or complex algebra, and let be a linear functional on A, 
which is to say a linear mapping from A into the real or complex numbers, as 
appropriate. We say that is a homomorphism on A if 

(49.17) <p(ab) = 4>{a) 4>{b) 

for every a, b G A. Of course, <j) satisfies this condition trivially when <f>{a) = 
for every a £ A, and we are primarily interested in the nonzero homomorphisms 
<f>, which means that <j){a) ^ for some a G A. This implies that 

(49.18) 4>(e) = 1, 

because (j)(a) = <p(e) <j)(a), since a = ea. If & is any invertible element of A, then 
we get that 

(49.19) (f>{b) ^(b- 1 ) = 4>{b b- 1 ) = 0(e) = 1, 

and hence 0(6) ^ 0. 

Suppose now that A is a Banach algebra again, and let be a nonzero 
homomorphism on ^l. If a G A and ||a|| < 1, then e — a is invertible, and so 

(49.20) <p(e - a) + 0, 
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which means that <fi(a) 1. By the same argument, <fi(ta) — t(f>(a) =/= 1 for 
every t G R or C, as appropriate, such that \t\ < 1. This implies that \</>(a)\ < 1 
when a e A satisfies II a II < 1. Hence 



(49.21) 



<f>(a)\ < \\a\\ 



for every a £ A., which shows that is a continuous linear functional on A with 
dual norm less than or equal to 1. The dual norm of <j> is actually equal to 1, 
because </>(e) = 1. It is easy to see that the collection of nonzero homomorphisms 
on A is closed with respect to the weak* topology on the dual of A. It follows 
that the collection of nonzero homomorphisms on A is compact with respect to 
the weak* topology, by the Banach-Alaoglu theorem. 

A linear subspace I of a real or complex algebra A is said to be an ideal in 
A if a x and x a are contained in X for every a & A and x G X. Of course, A 
itself and the trivial subspace {0} are ideals in A, and an ideal X in A is said 
to be proper if X ^ A. HX is an ideal in A and X contains the identity element 
e, or any invertible element x, then X = A. If A is a Banach algebra and X is 
an ideal in A, then it is easy to see that the closure X of X with respect to the 
norm on A is also an ideal in A. If X is a proper ideal in a Banach algebra A, 
then e £ X. This is because elements of A sufficiently close to e are invertible, 
as before. Thus the closure of a proper ideal in a Banach algebra is still proper. 

A proper ideal X in an algebra A is said to be maximal if A and X arc 
the only ideals that contain X. It is easy to see that the kernel of a nonzero 
homomorphism on A is maximal, since it has codimension 1. A maximal ideal X 
in a Banach algebra A is automatically closed, because its closure / is a proper 
ideal that contains X, and hence is equal to X. 

Using the axiom of choice, one can show that every proper ideal in an algebra 
with nonzero multiplicative identity element is contained in a maximal ideal. 
More precisely, one can use Zorn's lemma or the Hausdorff maximality principle, 
by checking that the union of a chain of proper ideals is a proper ideal. To get 
properness, one uses the fact that the ideals do not contain the identity element. 

If A is a commutative algebra and a G A, then 



is an ideal in A. Moreover, X a is a proper ideal in A if and only if a is not 
invertible in A. 

Suppose from now on that A is a complex Banach algebra. Let a G A be 
given, and suppose that te — a is invertible in A for every i £ C. If A is a 
continuous linear functional on A, then one can show that 



is a holomorphic function on the complex plane C. One can also check that 
(te — a) -1 — > in A as \t\ — > oo, so that f\(t) — > as \t\ — > oo for each A. This 
implies that f\(t) = for every ( 6 C and continuous linear functional A on A, 
by standard results in complex analysis. Using the Hahn-Banach theorem, it 



(49.22) 



X a = {a b : b G A} 



(49.23) 



h(t)=\({te-a)- 1 ) 
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follows that (t e — a) -1 = for every t G C, contradicting the fact that invertiblc 
elements of A are not zero. This is a brief sketch of the well-known fact that 
for each a € A there is a t e C such that t e — a is not invertible. 

Suppose that every nonzero element of A is invertible. If a € »4, then there 
is a t £ C such that i e — a is not invertible, as in the previous paragraph. In 
this case, it follows that a = te, so that A is isomorphically equivalent to the 
complex numbers. 

If A is an algebra 1 is an ideal in A, then the quotient A/1 defines an 
algebra in a natural way, so that the corresponding quotient mapping is a ho- 
momorphism from A onto A/1 with kernel equal to 1. If A has a nonzero 
multiplicative identity element and 1 is proper, then A/1 also has a nonzero 
multiplicative identity element. If I is a maximal ideal, then A/1 contains no 
nontrivial proper ideals. If A is commutative and 1 is maximal, then it follows 
that every nonzero element of A/1 is invertible in the quotient. If A is a Banach 
algebra and 1 is a proper closed ideal in A, then A/1 is also a Banach algebra, 
with respect to the usual quotient norm. If A is a complex commutative Banach 
algebra and I is a maximal ideal in A, then it follows that A/1 is isomorphic to 
the complex numbers. This implies that every maximal ideal in a commutative 
complex Banach algebra A is the kernel of a homomorphism from A onto the 
complex numbers. If A is a commutative complex Banach algebra and a G A is 
not invertible, then a is contained in a maximal ideal in A, and hence there is 
a nonzero homomorphism <f) : A — > C such that (j)(a) = 0. 



50 Ideals and filters 

Let E be a nonempty set, and let A be the algebra of all real or complex-valued 
functions on E. Put 

(50.1) Z(f) = {xeE: f(x) = 0} 
for each / G A. Thus 

(50.2) Z(f)nZ(g)CZ(f + g) 
and 

(50.3) Z(f)UZ(g) = Z(fg) 

for every f,g £ A. If /, g are nonncgative real- valued functions on E, then 

(50.4) Z(f)nZ(g) = Z(f + g). 
If J 7 is a filter on E, then put 

(50.5) 1{T) = {feA: Z(f) e T}. 

It is easy to see that this is an ideal in A, using the properties of the zero sets 
of sums and products of functions mentioned in the previous paragraph. More 
precisely, 1{T) is a proper ideal in A, since the elements of a filter are nonempty 
sets. As a special case, suppose that A C E is not empty, and let T A be the 
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collection of subsets B of E such that A C B. This is a filter on E, and the 
corresponding ideal X(T A ) is the same as 

(50.6) X A = {f G A : f(x) = for every x G A}. 

In this case, the quotient A/Ia can be identified with the algebra of real or 
complex-valued functions on A, as appropriate. In particular, if A consists of a 
single point, then the quotient is isomorphic to the real or complex numbers, as 
appropriate. 

Conversely, if X is a proper ideal in A, then put 

(50.7) = {Z(I) : / e X}. 

It is easy to check that this is a filter on E. In connection with this, note that 

(50.8) Z(\f\) = Z(f) 

for every / G A, and that |/| el when / G X. This implies that J-(X) is the 
same as the collection of zero sets of nonnegative real- valued functions on E in 
X. Observe also that 

(50.9) H X (F)) = J 7 
for every filter T on E, and that 

(50.10) X{F{X))=X 

for every proper ideal X in A. This shows that every proper ideal X in A is of 
the form X(T) for some filter T on E. 

If J 7 , T' are filters on E, then it is easy to see that 

(50.11) X(T) C X(.F') 

if and only if T C J 7 ', which is to say that J 7 ' is a refinement of T . It follows 
that ultrafilters on E correspond exactly to maximal ideals in A. In particular, 
if T is an ultrafiltcr on E, then AjX{T~) is a field. One can also see this more 
directly, as follows. Suppose that / G A and / ^ X(T\ so that the element 
of the quotient AjX{T~) corresponding to / is not zero. Thus Z(f) £ T, by 
definition of X{T}, and so E\Z(f) G J 7 , because T is an ultrafilter. If g 6 ^4 
satisfies /(x) g(x) = 1 for every x G E\Z(f), then f g — 1 £ X(X'), which means 
that the product of the elements of the quotient AjX{T) corresponding to /, g 
is equal to the multiplicative identity element in the quotient, as desired. 



51 Closure 

Let X be a topological space, and remember that Cb(X) is the algebra of 
bounded continuous real or complex- valued functions on X, equipped with the 
supremum norm. Put 

(51.1) Z e (f) = {xeX:\f(x)\<e} 
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for every / G Cb(X) and e > 0, which is a closed set in A, since / is continuous. 
Note that Z e (f) = for some e > if and only if / is invertible in Cb{X). If T 
is a filter on X, then let X(F) be the collection of / G Cb(X) such that f*(T) 
converges to in R or C, as appropriate. Equivalently, 

(51.2) X(T) = {/ G C b {X) : Z e (f) G T for every e > 0}. 

This is analogous to, but different from, the definition in the previous section. 
It is not difficult to check that X{T) is a proper closed ideal in Cb(X) under 
these conditions. This uses the fact that 

(51.3) Z e/2 (f)nZ e/2 (g) CZ £ (f + g) 
for every Cb(X) and e > 0, and that 

(51.4) Z e/k (f) C Z e (f g) 

when \g(x)\ < k for each x G X and k > 0. 

Let T be the collection of subsets B of X for which there is an A G T such 
that A C B. One can check that T is also a filter on X, and that X{T) = X(T). 
Thus one might as well restrict one's attention to filters on X generated by 
closed subsets of X. As a special case, if A C A is nonempty and T A is the 
filter consisting of B C A such that A C B, then T A = J- A . 

Now let X be a proper ideal in Cb(X), and put 

(51.5) J"(X) = {4 C I : Z e (/) C A for some / e 1 and e > 0}. 

Again this is analogous to, but different from, the corresponding definition in 
the previous section. One can also check that TiX) is a filter on X under these 
conditions. This uses the fact that Z € (f) ^ for each / el and e > 0, because 
1 is proper. If / e 1, then |/| 2 gl, and 

(51-6) ZA\f\ 2 ) = Z t (f), 

which means that one can restrict one's attention to nonnegative real-valued 
functions in I. If /, g arc nonnegative real-valued functions on X and e > 0, 
then 

(51.7) Z e (f + g)CZ e (f)nZ e (g). 

This implies that A n B e T{T) for every A, B e T{1). Note that is 
automatically generated by closed subsets of X . One can also check that T(2) 
is the same as the filter associated to the closure of J in Cb(X), with respect to 
the supremum norm. This uses the fact that 

(51.8) Z £/2 (f) C Z e (g) 

when \f(x) — g(x)\ < e/2 for every x G X. 

By construction, I C I(J r (X)). We have seen that 1(F) is closed in Cb(X) 
for any filter J 7 on A, and sole 1(7^(1)). In order to show that 

(51.9) X = X(T(X)\ 
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let / G X(X(X)) and e > be given. By definition of X(X(X)), there are a g E I 
and a 6 > such that 

(51.10) Z s (g) C Z e (/). 

Put 

(51-11) fn = f , ,[ 9 [ 2 

for each 77 > 0. Thus f v G C(,(X) for each 77, and in fact / J( 6 X, because <? G X. 
We would like to check that 

2 

(51.12) 1/(^-/^)1 = 1/(3)1 y 2 <e 

\g(x)\ 2 + rj 2 

for every a; £ X when 77 is sufficiently small. If x G Z e (f), then this holds 
for every 77 > 0, since < e and V 2 /(\g(x)\ 2 + r) 2 ) < 1. If x Z £ (f), 

then x ^ Zs(g), so that |</(a;)| > <5, and the desired estimate holds when r) is 
sufficiently small, because / is bounded. 



52 Regular topological spaces 

Remember that a topological space X is said to be regular, or equivalently to 
satisfy the third separation condition, if it has the following two properties. 
First, X should satisfy the first separation condition, so that subsets of X with 
exactly one element are closed. Second, for each x G X and closed set E C X 
with x G" E, there should be disjoint open subsets U, V of X such that x G U 
and E C V. In particular, this implies that X is Hausdorff, since one can 
take E — {y} when y G X and y ^ x. Sometimes the term "regular" is used 
for topological spaces with the second property just mentioned, and then the 
third separation condition is defined to be the combination of regularity with 
the first separation condition. We shall include the first separation condition in 
the definition of regularity here for the sake of simplicity. As in Section [35J it 
is well known that locally compact Hausdorff topological spaces are regular. 

Equivalently, X is regular if it satisfies the first separation condition and for 
each x G X and open set W C X with x G W there is an open set U C X 
such that x G U and U C W . This corresponds to the previous definition with 
W = X\E. Let T be a filter on X, and let T be the filter on X generated by 
the closures of the elements of X, as in the previous section. If T converges to 
a point x G X and X is regular, then it is easy to see that X also converges to 
x in X. For if W is an open set in X that contains x and U is an open set in 
X that contains x and satisfies U C W, then U G X, because X converges to x, 
and hence W G X. 

Now let a; G X be given, and let X(x) be the collection of subsets A of X 
for which there is an open set U C I such that x G J7 and U C A. This is a 
filter on X that converges to x, by construction. The filter J-(x) generated by 
the closed subsets of X is the same as the collection of subsets B of X for which 
there is an open set U C X such that x G £/ and [/ C B. If F(x) converges 



79 



to x, then for each open set W C X with x £ W there is an open set U C X 
such that x £ U and [/ C W. It follows that X is regular if it satisfies the first 
separation condition and J-(x) converges to x for every x £ X. 

Of course, metric spaces are regular as topological spaces. Real and complex 
topological vector spaces are also regular as topological spaces. To see this, 
remember that if U is an open set in a topological vector space V that contains 
0, then there are open subsets Ui, U2 of V that contain and satisfy 



as in (|23.14[) . Hence Ui C U, which implies that V is regular, because of the 
translation-invariance of the topology on V. 



Let X be a topological space, and let us say that a nonempty collection £ of 
nonempty closed subsets of X is a C-filter if A n B £ £ for every A, B £ £, and 
if E £ £ whenever E C X is a closed set such that A C E for some A £ £. 
This is the same as a filter on X, except that we restrict our attention to closed 
subsets of X. If J 7 is a filter on X and £ (J 7 ) is the collection of closed subsets 
of X that are elements of X, then £(J-) is a C-filter. This can also be described 
as the collection of closures of elements of J 7 , since the closure of an element of 
J 7 is a closed set in X that is contained in T . 

A C-filter £ on X also generates an ordinary filter T(£) on X, consisting of 
the subsets B of X that contain an element of £ as a subset. If J 7 is any filter 
on X, and £(J 7 ) is the C-filter obtained from it as in the preceding paragraph, 
then the filter generated by £ (J 7 ) is the same as the filter T defined previously. 
However, if £ is any C-filter on X, and T(£) is the ordinary filter generated by 
£, then the C-filter of closed sets in F(£) is the same as £ . 

Let us say that a C-filter £ on X converges to a point x £ X if for every 
open set U C X with x £ U there is an E £ £ such that ECU. This is 
equivalent to saying that U £ J-{£) for every open set U C X with x £ U, so 
that £ converges to cc if and only if T(£ ) converges to cc. If X is Hausdorff, then 
the limit of a convergent C-filter on X is unique, for the same reasons as for 
ordinary filters. If J- is an ordinary filter on X that converges to a point x £ X 
and X is regular, then the corresponding C-filter £ (J 7 ) also converges to x, for 
the same reasons as in the preceding section. 

Let A be a nonempty subset of X, and let £ A be the collection of closed 
sets B C X that contain A. This is a C-filter on X, and it is easy to see that 
£ A = £ A for every A £ X . Note that A £ £ A if and only if A is a closed set 
in X. HA — {p} for some p £ X and X satisfies the first separation condition, 
then {p} £ £ A , and £ A converges to p in X. 



(52.1) 



Ui + U 2 £ U, 




U 1 CU 1 + U a , 
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Suppose that £ is a C-filter on A that converges to a point pel, and let 
A E £ be given. If U is an open set in A that contains p, then there is an E E £ 
such that E C [/, by dehnition of convergence. This implies that A n C7 7^ 0, 
because A n -E is contained in A fl t/ and nonempty, since it is an element of £ . 
It follows that p E A for every A E £, because every A E £ is a closed set in X. 

Let £ be a C-filter on X, and suppose that BEX satisfies A n f? 7^ 
for every A 6 £. Let £b be the collection of closed subsets E of X such that 
A n B C for some A E £. It is easy to see that this is also a C-filter on X, 
which is a refinement of £ in the sense that £ C £ B as collections of subsets of 
X. If i? is a closed set in X, then yl n £? G £b for every A E £. 

A C-filter £ on X may be described as a C-ultrafilter if it is maximal with 
respect to inclusion. More precisely, £ is a C-ultrafilter if for every C-filter £' 
such that £ C £', we have that £ = £'. Using Zorn's lemma or the Hausdorff 
maximality principle, one can show that every C-filter has a refinement which 
is a C-ultrafilter, just as for ordinary ultrafilters. 

For each p E X, let £ p be the C-filter consisting of all closed subsets of X 
that contain p as an element. This is the same as £ A with A = {p}, as before. If 
X satisfies the first separation condition, then {p} is a closed set in X, {p} E £ p , 
and it is easy to see that £ v is a C-ultrafilter on X. If £ is any C-filter on X and 
p G E for each E G £, then £ C £ p , and hence £ = £ p when £ is a C-ultrafilter. 
In particular, this holds when £ converges to p. If £ is a C-filter on X and X is 
compact, then f] Ee£ E 7^ 0, because £ has the finite intersection property. If £ 
is a C-ultrafilter, then it follows that £ = £ p for some pel. 

Let £ be a C-filter on X, and suppose that B is a closed set in X such 
that An5 ^ f) for every A G £. This implies that £ C £e, where £b is the 
C-filter generated by the intersections A C\ B with A G £, as before. If £ is 
a C-ultrafilter, then it follows that £ = £b, and hence B G £. Conversely, a 
C-filter £ is a C-ultrafilter when B G £ for every closed set -B C X such that 
A n B ^ for every A G £. For if £' is a C-filter on X such that £ C £', then 
A n £? is contained in £' and is therefore nonempty for every A G £ and B E £' . 

Let X, y be topological spaces, and let / be a continuous mapping from X 
into y. Thus f~ 1 (B) is a closed set in X for every closed set B in y. Also let 
£ be a C-filter on X, and let /*(£) be the collection of closed sets B C y such 
that f^ 1 (B) E £. It is easy to see that /*(£) is a C-filtcr on Y . Note that the 
closure of f(A) in Y is an element of /*(£) for each A E £. 

Suppose that Y is compact, so that Hse/.rs) ^ 7^ 0, and let g be an element 
of the intersection. Thus g is contained in the closure of f(A) in Y for every 
A E £. If V is any open set in Y that contains q, then /(A) fl V 7^ for every 
i e £, and hence A n / -1 (U) 7^ 0- Let £' be the collection of closed sets E 
in A" such that A n / _1 (V) C E for some A E £ and open set V C Y with 
<7 G U. It is easy to see that £' is a C-filter on A that is a refinement of £, 
and that A n /^(V) G £' for every open set V C y with geV. In particular, 
/ _1 (y) G £' under these conditions, which means that V E /*(£'). If Y is also 
Hausdorff, and hence regular, then it follows that /*(£') converges to q in y. If 
£ is a C-ultrafilter on A, then £ = £', and /*(£) converges to q in y. 
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54 Multi-indices 



Let n be a positive integer, which will be kept fixed throughout this section. A 
multi-index a — (ai, . . . , a n ) is an n-tuple of nonnegative integers. The sum of 
two multi-indices is defined coordinatewise, and we put 

(54.1) \a\ = ai H \-a n . 

If a is a multi-index and x = (x\, . . . , x n ) G R", then the corresponding 
monomial x a is defined by the product 

(54.2) x a ^x? 1 

More precisely, x" 3 is interpreted as being equal to 1 for every Xj G R when 
OLj = 0, so that x a = 1 for every x G R™ when a = 0. Note that \a\ is the same 
as the degree of the monomial x a , and a polynomial on R™ is the same as a 
linear combination of finitely many monomials. Moreover, 

(54.3) x a+f} = x a x 13 

for all multi-indices a, f3 and x G R n . 

If I is a positive integer, then l\ is "I factorial", the product of 1, . . . , I. It is 
customary to include I — by setting 0! = 1. If a is a multi- index, then we put 

(54.4) a\ = ai! • • ■ a n l. 
If a is a multi- index and x, y G R™, then 

a! R 7 



(54.5) (x + y) a = J2 



a=/3+7 



where the sum is taken over all multi-indices /?, 7 such that a = f3 + 7. This 
follows from the binomial theorem applied to {xj + yj) aj for j = 1, . . . , n. 

Let dj = d/dxj be the usual partial derivative in Xj, 1 < j < n. If a is a 
multi-index, then the corresponding differential operator d a is defined by 

(54.6) d a = d^---d^. 

Here <9" J is interpreted as being the identity operator when etj = 0, so that d a 
reduces to the identity operator when a = 0. Observe that 

(54.7) d a+fS = d a d 
for all multi-indices a, (3. 

55 Smooth functions 

Let U be a nonempty open set in R™ for some positive integer n, and let C°°(U) 
be the space of real or complex- valued functions on U that are smooth in the 
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sense that they are continuously-differentiable of all orders. As usual, this may 
also be denoted C°°(U, R) or C°°(U, C), to indicate whether real or complex- 
valued functions are being used. It is well known that C°°(U) is a commutative 
algebra with respect to pointwise addition and multiplication, since sums and 
products of smooth functions are smooth. 

If a is a multi- index and K C U is a nonempty compact set, then 

(55.1) ||/||«,jt = su P |9 Q /(x)| 

xeK 

defines a seminorm on C°°(U). This is the same as the supremum seminorm 
|| /|| k of / over K when a = 0, and otherwise this is the same as the supremum 
seminorm of d a f over K. The collection of all of these seminorms defines a 
topology on C(U), as in Section [3] Of course, U is a locally compact Hausdorff 
topological space with respect to the topology induced by the standard topology 
on R", and one can also check that U is er-compact. As in Section [Ml there 
is a sequence of compact subsets Ki,K 2 , ■ ■ ■ of U such that every compact set 
H C U is contained in Ki for some I. It follows that the seminorms ||/|| a K, are 
sufficient to determine the same topology on C°°(U) as the one that was just 
described, where a is a multi-index and I is a positive integer. In particular, this 
collection of seminorms on C°°(U) is countable, since there are only countably 
many multi- indices. 

If /, g are smooth functions on U and a is a multi-index, then 

(55.2) d a (fg)= J2 WZ[^f)^9), 

where the sum is taken over all multi-indices fi, 7 such that a — j3 + 7. This 
can be derived from the usual product rule for first derivatives, starting with 
the n = 1 case. Using this identity, it is easy to check that multiplication of 
functions is continuous as a mapping from C°°(U) x C°°(U) into C°°(U), with 
respect to the topology on C°°(U) defined in the previous paragraph. 

Let 4> be a homomorphism from C°°(U) into the real or complex numbers, 
as appropriate. As usual, we suppose also that <fi is nontrivial in the sense that 
4>{f) 7^ for some / £ C°°(U). This implies that <f>(lu) — 1, where l;y is the 
constant function on U equal to 1 at every point. If / is a smooth function on 
U such that f(x) ^ for every x G U, then 1/ f(x) is also a smooth function on 
U, and it follows that 

(55.3) 0(/)#l//) = #lt,) = l. 

In particular, <fi(f) ^ when f(x) 7^ for every x £ U. Equivalently, if / is any 
smooth function on U and <fi(f) — 0, then f(x) = for some x G U. If / is any 
smooth function on U and <p(f) = c, then there is an x G U such that f(x) = c, 
since one can apply the previous statement to / — c ljj. 

Let fj be the smooth function on U defined by fj(x) = Xj, j = 1, . . . , n, and 
put pj = (j>(fj). We would like to check that 

(55.4) p = (pi, . . . , p n ) G U. 
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Consider the smooth function on U given by 



(55.5) /(*)=5>;-ft) 2 - 
Equivalently, 

n 

(55.6) f = Y / (fj-Pjluf, 

3=1 

and so 

n 

(55.7) 0(/)=^(0(/,)- Pj ) 2 = O, 

i=i 

because is a homomorphism. Hence f(x) = for some x G J7, as in the 
previous paragraph, which is only possible if x = p, in which case p G U. 
If 5 is a smooth function on U and U is convex, then 

(55.8) g{x)-g{p) = [ (d/dt)g(tx + (l-t)p)dt 



n „i 

Yfri-Pi) / (d jg )(tx + (l-t)p)dt. 



i=i 

Hence there are smooth functions g\ , . . . , g n on U such that 

(55.9) g(x) =g{p) +^2(xj -Pj)gj(x). 

i=i 

This also works when g is the restriction to U of a smooth function on a convex 
open set that contains U, such as R™ itself. In particular, this works when 
g{x) — on the complement of a closed ball contained in U . Otherwise, if 
g(x) = for every i in a neighborhood of p, then we can simply take gj(x) 
to be (xj — Pj)/\x — p\ 2 times g(x), where \x — p\ 2 = J2?=i( x i ~ Pi) 2 1 an d 
gj{p) = 0. Any smooth function on U can be expressed as the sum of a smooth 
function supported on a closed ball in U and a smooth function that vanishes 
on a neighborhood of p, using standard cut-off functions. It follows that every 
smooth function g on U can be expressed as in (|55.9[) for some smooth functions 
g 1 ,...,g n on U. 

Using this representation, we get that 4>{g) = g{p) for every g G C°°(U). Of 
course, 4> p (g) = g(p) defines a homomorphism on C°°{U) for every p eU. 



56 Polynomials 

Let 'P(R") be the space of polynomials on R™ with real coefficients, which can 
be expressed as finite linear combinations of the monomials x a , where a is a 
multi-index. This is an algebra in a natural way, corresponding to pointwise 
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addition and multiplication of functions. If p G R™, then 4> p (f) = f(p) defines 
a homomorphism on "P(R"), as usual. Conversely, if is a homomorphism on 
V(H n ) which is not identically 0, then cf) — <f) p for some p <G R n . As in the 
previous section, p — (pi, . . . ,p n ) is given by pj = 4>(fj), where fj(x) — Xj. 
In this case, the fact that </>(/) = f(p) for every polynomial / on R n follows 
from simple algebra. There are analogous statements for polynomials on C" 
with complex coefficients, which can be expressed as finite linear combinations 
of monomials z a = z" 1 ■ ■ ■ z" n , z = (zi, . . . , z n ) € C™. 

57 Continuously-differentiable functions 

A real or complex-valued function / on the closed unit interval [0, 1] is said to 
be continuously differentiable if it satisfies the following three conditions. First, 
the derivative f'(x) of / should exist at every x in the open unit interval (0, 1). 
Second, the appropriate one-sided derivatives should exist at the endpoints 0, 
1, which will also be denoted /'(0), /'(l) for simplicity. Third, the resulting 
function f'(x) should be continuous on [0, 1]. Of course, differentiability of / 
implies that / is continuous on [0, 1]. 

Equivalcntly, a continuous function / on [0, 1] is continuously differentiable if 
it is differentiable on (0, 1), and if the derivative can be extended to a continuous 
function on [0, 1], also denoted /'. More precisely, one can check that the one- 
sided derivatives of / exist at the endpoints, and are given by the extension of 
/' to 0, 1. This follows from the fact that 



when < x < y < 1. 

The space of continuously-differentiable functions on [0, 1] may be denoted 
C^QO, 1]), or by C^QO, 1], R), C^QO, 1], C) to indicate whether real or complex- 
valued functions are being used. As usual, C 1 ([0, 1]) is an algebra with respect 
to pointwise addition and scalar multiplication of functions. If 



(57.1) 




(57.2) 



||/IUp= sup \,f(x)\ 



0<x<l 



is the supremum norm of a bounded function on [0, 1], then 



(57.3) 




II/IIchio.idHI/ILp + II/'II 



sup 



is a natural choice of norm on C 



([0, 1]). In particular, 



(57.4) 



WfgWci < ll/llci ll/llci 



for every /, g 6 C 1 



([0, 1]). To see this, remember that 



(57.5) 



11/ 9 II sup ^ || /|| sup I Iff || sttp: 
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so that 



(57.6) \\fg\\ cl = \\fg\\ sup + |j(/ g)'\\ sup < ||/|| sup 1 1 9 \ \sup + ll(/s)'ll 



sup • 



The product rule implies that 



(57.7) \\(fg)'\\ 



sup — 



\\fg + fg'\\su P < ll/'ll sMpll^lUup + || /|| sup \\g || 



and hence 



(57.8) \\fg\\ c i < ll/H sup I Ifl 1 1 1 sup + H/'lUp \\g\\su P + Wfhup \\g'\\ 

< (\\f\\su P + ll/'ll Sltp) (llffllsMP \\g \\sup) 

= ll/llc* \\g\\ci. 



sup 



Note that the C 1 norm of a constant function is the same as the absolute value 
or modulus of the corresponding real or complex number. One can also check 
that C 1 ([0, 1]) is complete with respect to the C 1 norm, so that C 1 ([0, 1]) is a 
Banach algebra. 

Remember that continuous functions on [0, 1] can be approximated uniformly 
by polynomials, by Weierstrass' approximation theorem. Using this, one can 
show that continuously-differentiable functions on [0, 1] can be approximated 
by polynomials in the C 1 norm. More precisely, in order to approximate a 
continuously-differentiable function / on [0, 1] by polynomials in the C 1 norm, 
one can integrate polynomials that approximate /' uniformly on [0, 1]. One can 
choose the constant terms of these approximations to / to be equal to /(0), so 
that the approximation of / follows from the approximation of /'. 

Let <fi be a homomorphism from C^QO, 1]) into the real or complex numbers, 
as appropriate. Suppose also that </>(/) ^ for some / G C 1 ([0,1]), so that (f> 
takes the constant function equal to 1 on [0, 1] to 1, by the usual argument. If 
/ is a continuously-differentiable function on [0, 1] such that f(x) ^ for every 
x G [0,1], then 1// is also a continuously-differentiable function on [0,1], and 
hence (f>(f) ^ 0. This implies that (f>(f) e /([0, 1]) for every / G ^([0, 1]), as in 
previous situations. In particular, it follows that 



for every / G C* 1 ^, 1]). 

Of course, /o(a;) — x is a continuously-differentiable function on [0, 1]. Put 
p = (f>(f ), so that p G / ([0, 1]) = [0, 1]. It follows that 



when / is a polynomial, by simple algebra. The same relation holds for every 
/ G C 1 ([0,1]), because polynomials are dense in C 1 ([0,1]) with respect to the 
supremum norm. We do not need the stronger fact that polynomials are dense 
in C 1 ([0, 1]) with respect to the C 1 norm here, because tfi is continuous with 
respect to the supremum norm, by (|57.9|) . 



(57.9) 



<P(f)\ < H/IUp < \\f\\ C i 



(57.10) 



4>(f) - f(p) 



S(i 



Alternatively, we can use the continuity of <j> with respect to the supremum 
norm to extend to a homomorphism on C([0, 1]), since C 1 ([0, 1]) is dense in 
C([0, 1]) with respect to the supremum norm. This permits us to use the results 
about homomorphisms on C(X) when X is compact, as in Section [M] This 
approach has the advantage of working in more abstract situations, such as on 
compact manifolds. The same type of arguments as in Section [3U can also be 
used directly in these situations. 

At any rate, every nonzero homomorphism on C ll ([0, 1]) can be represented 
as </>(/) = f(p) for some p 6 [0, 1]. Of course, 4> p (f) = f(p) is a homomorphism 
on C l { [0,1]) for every p G [0,1]. 

58 Spectral radius 

Let (A, || • ||) be a Banach algebra over the real or complex numbers with nonzero 
multiplicative identity element e. If x G A satisfies ||x|| < 1, then e — x is 
invertible in A, as in SectionHHl The same conclusion also holds when \\x n \\ < 1 
for any positive integer n. One way to see this is to use the previous result to 
get that e — x n is invertible, and then observe that 

n— 1 ti—X 

(58.1) ie-x){Y^aA = ( (e - x) = e - x n . 

3=1 3=1 

This shows that the product of e — x with an element of A that commutes 
with it is invertible, which implies that e — x is invertible too, as in Section 05] 
Alternatively, one can check that Y^jLi W^W converges when ||a; n || < 1 for some 
n, and then argue as in Section [49] that Sfci xl converges in A, and that the 
sum is the inverse of e — x. To do this, note first that every positive integer j 
can be represented as I n + r for some nonnegative integers I, r with r < n. This 
leads to the estimate 

(58.2) imi < iKinwr, 

which implies the convergence of YlJLi W^W w hen ||a; n || < 1. 
If x is any element of A, then put 

(58.3) r{x) = inf \\x n \\ 1/n : 

n>l 

where more precisely the infimum is taken over all positive integers n. Thus 
e — x is invertible in A when r(x) < 1, as in the previous paragraph. Observe 
also that 

(58.4) r(tx) = \t\r(x) 

for every real or complex number t, as appropriate. It follows that e — tx is 
invertible in A when \t\ r(x) < 1. Equivalently, t e — x is invertible in A when 
\t\ > r(x). 

Let us check that 

(58.5) lim |M| 1/J = r(x), 

j-s-oc 
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where the existence of the limit is part of the conclusion. Because of the way 
that r(x) is defined, it suffices to show that 

(58.6) limsup \\x j \\ l/j < r(x), 



which is the same as saying that 



(58.7) limsup \\x j \\ 1/3 < \\x n \\ 1/n 

j-s-oo 

for each n > 1. As before, each positive integer j can be represented as In + r 
for some nonnegative integers I, r with r < n, and (|58.2p implies that 

(58.8) \\x j \\ 1/j < {\\x n \\ 1/n ) ln/j \\x\\ r/j = {\\x n \\ 1/n ) 1 - {r/l) \\x\\ r/j . 

It is not difficult to derive (|58.7p from this estimate, using the fact that a 1 ^ — > 1 
as j — > 00 for every positive real number a. This is trivial when x n — 0, since 
x 3 is then equal to for each j > n. 

As a basic class of examples, suppose that A is the algebra Cb(X) of bounded 
continuous functions on a topological space X, equipped with the supremum 
norm. In this case, it is easy to see that 

(58.9) \\f n \\ sup = \\f\\% 
for every / € Cb(X) and n > 1, and hence that 

(58.10) r(f) = \\f\\ sup . 

Suppose now that A is the algebra C 1 ([0, 1]) of continuously-differentiable 
functions on the unit interval, as in the previous section. Thus ||/||c7i > ||/|| S up, 
and hence 

(58.11) r(f) > \\f\\ sup 
for every / € C' 1 ([0, 1]). In the other direction, 

(58.12) H/lcn = liriU + IKD'IU 

= \\m uP +\\nff n -%u P 

< ll/ll^ + nll/'lUII/H™- 1 . 

for each n. Using this, it is not too difficult to show that 

(58.13) r(f) = lim ||/»||#» = ||/|| 

This also uses the fact that (a + b n) 1 /™ — > 1 as n — > 00 for any two positive real 
numbers a, b. 

Let A be a complex Banach algebra, and put 

(58.14) R(x) = sup{|t| :ieC and te — x is not invertible} 
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for every x G A. We have already seen that te — x is invertible in A when 
|t| > r(x), which works for both real and complex Banach algebras. If A is a 
complex Banach algebra, then for each x G A there is a t G C such that te — x 
is not invertible, as in Section HHl Thus the supremum in the definition of R(x) 
makes sense, and R(x) < r(x). A well-known theorem states that r(x) < R(x) 
for every x G A when A is a complex Banach algebra, and hence r{x) = R(x). 

To see this, note that te — x is invertible when t G C satisfies |t| > R(x), 
which implies that e — t x is invertible when |t| < 1. As in Section 221 the 
basic idea is to look at 

(58.15) /(*) = (e-txy 1 

as a holomorphic function on the disk where \t\ R(x) < 1 with values in A. In 
particular, the composition of / with a continuous linear functional on A defines 
a complex-valued function on this disk which is holomorphic in the usual sense. 
We also know that f(t) is given by the power series Y^jLo^ x ^ wnen |*| is 
sufficiently small, as in Section H9"l By standard arguments in complex analysis, 
one can estimate the size of the coefficients of this power series in t in terms 
of the behavior of f(t) on any circle \t\ = a with aR(x) < 1. Note that f(t) 
is bounded on any circle of this type, because the circle is compact and f{t) 
is continuous on it. More precisely, one can show that for each positive real 
number a with a R(x) < 1, there is a C(a) > such that 

(58.16) a j \\x 3 \\<C{a) 

for every j > 1. Equivalently, a Wx^]] 1 ^ < C(a) 1 ^ for each j, which implies that 
ar(x) < 1 when aR(x) < 1, by taking the limit as j — > oo. Thus r(x) < R(x), 
as desired. 

59 Topological algebras 

Let A be an associative algebra over the real or complex numbers, as in Section 
133 Suppose that A is also equipped with a topology which makes it into a 
topological vector space, as in Section [TJ] In the same way, one can ask that 
multiplication in A be continuous as a mapping from A x A into A, using the 
product topology on A x A associated to the given topology on A. Under 
these conditions, we can say that A is a topological algebra. As before, we are 
especially interested here in the case where multiplication on A is commutative. 

Of course, Banach algebras are topological algebras, with respect to the 
topology associated to the norm. If A is a locally compact Hausdorff topological 
space, then the algebra of continuous functions on A is a topological algebra with 
respect to the topology determined by the collection of supremum seminorms 
corresponding to nonempty compact subsets of A, as in Section [351 If U is 
a nonempty open set in R n , then the algebra of smooth functions on U is a 
topological algebra with respect to the collection of supremum seminorms of 
derivatives of / over nonempty compact subsets of U, as in Section [55l 

As in the case of Banach algebras, one may wish to look at topological 
algebras A that are complete as topological vector spaces. If A has a countable 



89 



local base for its topology at 0, then this can be defined in terms of convergence of 
Cauchy sequences, as usual. Otherwise, one can consider more general Cauchy 
conditions for nets or filters on A. It is not too difficult to show that the 
examples of topological algebras of continuous and smooth functions mentioned 
in the previous paragraph are complete. 

If U is a nonempty open set in the complex plane, then the algebra H(U) of 
holomorphic functions on U may be considered as a subalgebra of the algebra 
C(U) of continuous complex- valued functions on U. More precisely, we have 
seen that H(U) is a closed subalgebra of C(U) with respect to the topology 
associated to the collection of supremum seminomas over nonempty compact 
subsets of U. Of course, H(U) is also a topological algebra with respect to the 
topology determined by this collection of seminorms, and it follows that H(U) 
is complete as well, because C(U) is complete. 

60 Fourier series 

Let T be the unit circle in the complex plane, consisting of the z G C with 
\z\ = 1. It is well known that 



for each nonzero integer j, where \dz\ is the element of arc length along T. This 
integral is the same as — i times the line integral 



the vanishing of which when j ^ is a basic fact in complex analysis. More 
precisely, the relationship between these two integrals follows from identifying 
i z with the unit tangent vector to T at z in the positive orientation. Note that 



since ~z = z^ 1 when \z\ = 1, and so it suffices to verify (|60.1|) when j is a positive 
integer. If j = 0, then z^ is interpreted as being equal to I for each z, so that 
the integral in (|60.1[) is equal to the length 2 tt of T. 

If / is a continuous complex-valued function on T and j is an integer, then 
the jth Fourier coefficient of / is defined by 



(60.1) 




(60.2) 




(60.3) 




(60.4) 




The corresponding Fourier series is given by 



oo 



(60.5) 
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For the moment, this should be considered as a formal sum, without regard to 
convergence. If f(z) — z l for some integer I, then f(j) is equal to 1 when j = I 
and to when j ' ^ I, as in the previous paragraph. Thus the Fourier series 
(|60.5[) reduces to f(z) in this case, and also when f(z) is a linear combination 
of z l for finitely many integers I. 

Suppose that f(z) is a continuous complex-valued function on the closed 
unit disk in C which is holomorphic on the open unit disk. By standard results 
in complex analysis, f(z) can be represented by an absolutely convergent power 
series 

oo 

(60.6) f{z) = )Ta r J 

3=0 

on the open unit disk, which is to say for z £ C with \z\ < 1. In this case, 

(60.7) a, = /(j) 

for each j > 0, where f(j) is the jth Fourier coefficient of the restriction of / 
to the unit circle. This follows from the usual Cauchy integral formulae, where 
one integrates over the unit circle. Normally one might integrate over circles of 
radius r < 1 when dealing with holomorphic functions on the open unit disk, 
but one can pass to the limit r — > 1 when / extends to a continuous function 
on the closed unit disk. 

Under these conditions, we also have that f(j) = when j < 0. This can 
be derived from Cauchy 's theorem for line integrals of holomorphic functions, 
starting with integrals over circles of radius r < 1, and then passing to the limit 
r — > 1 as in the previous paragraph. Conversely, if / is a continuous function 
on the unit circle with f(j) = when j < 0, then it can be shown that / has a 
continuous extension to the closed unit disk which is holomorphic on the open 
unit disk. More precisely, the holomorphic function on the open unit disk is 
given by the power series defined by the Fourier coefficients of /, as before. The 
remaining point is to show that the combination of this holomorphic function 
on the open unit disk with the given function / on the unit circle is continuous 
on the closed unit disk, which will be discussed in Section [55] 



61 Absolute convergence 

Let ^ 1 (Z) be the space of doubly- infinite sequences a = {a J }^£._ 0O of complex 
numbers such that 

oo 

(6i.i) ||a||i= N 

J= — oo 

converges. This is equivalent to the definition in Section [T3] with E = Z, but 
in this case it is a bit simpler to think of a sum over Z as a combination of 
two ordinary infinite series, corresponding to sums over j > and j < 0. In 
particular, if a £ ^ 1 (Z), then J2fLo a J an< ^ S^Li a -j converge absolutely, so 
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that their sum J]^L-oo a j 1S well-defined, and satishcs 



(61.2) 



E °j 

j=-oo 



< Hall 



As before, it is easy to see that ||a||i defines a norm on ^ 1 (Z). 
If a 6 ^( Z ); ^ G C, and |z| = 1, then put 



SO) = a J z ^ 



(61.3) a(z ) = > a , 

j = -oc 

which is the Fourier transform of a. This makes sense, because 



(61.4) 

converges. Moreover, 
(61.5) 



E i a ^'i= E 



j = -oo 



j = -oc 



sup |a(2)| < ||a||i. 



The partial sums ^™__ n a i z3 are continuous functions that converge to a(z) 
uniformly on the unit circle, by Weierstrass' M-test, and so a(z) is a continuous 
function on T. It is easy to see that 



(61.6) 



C 



a(z) z 3 \dz\ = aj 



for each j, using the uniform convergence of the partial sums to reduce to the 
identities discussed in the previous section. 

The convolution a * b of a, b E ^ 1 (Z) is defined by 



(61.7) 



(a*b)j = aj-ibi- 



l — — oo 



The sum on the right converges absolutely as soon as one of a, b is summable 
and the other is bounded, and in particular when both a, b are summable. We 
also have that 

oo 

(61.8) \(a*b)j\= £ 
which implies that 

oo 

(61.9) J2 i( a *^i< E E h-<iN- 

j— — oo j— — OO / — — OO 

Interchanging the order of summation, we get that 



OO oo 



oo oo 



(61.10) 



E k«*%i< E E \ a J-i\u 



j = -oo 



(= — oo j = — oo 
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Of course, 

oo oo 

(61.11) E | 0j _,|= E 

j — — oo j — — oo 

for each by making the change of variables j i— >■ j + I. Thus 

oo oo oo 

(61.12) ]T |(a*%|<( £ E 

j — — oo j — — oo Z=— oo 

so that o*6G^(Z) when a, 6 £ ^ 1 (Z). Equivalently, 

(61.13) ||a*6||i< IMIiH&Hi. 
If a,b G ^( z ), ^eC, and |z| = 1, then 



OO OO 



(61.14) mw= E ( E 

J=— oo 2 = — oo 

This is the same as 

oo oo 

(61.15) E E aj-iz j ~ l biz l , 

j = — co l= — oo 

which is equal to 

oo oo 

(61.16) E E aj-iz^hz 1 , 

l = — OG j = — OO 

by interchanging the order of summation. This uses the absolute summability 
shown in the previous paragraph. As before, we can make the change of variables 
j i->- j + I, to get that 

OO OO 

(61.17) E aj-iz^- l = E a jZ ^=a(z) 

j — — oo j — — oo 

for each /. Substituting this into the previous double sum, we get that 

(61.18) (a*b)(z) = a(z)b(z) 
for every z G T. 

Let S(n) = {Sj(n)}°^_ 00 be defined for each integer n by putting Sj(n) = 1 
when j = n and Sj(n) = when j ^ n, so that ||£(n)||i = 1 for each n. It is 
easy to see that 

(61.19) 5(n) * 5(r) = 5(n + r) 
for every n,r G Z, and that 

(61.20) (5(0) * a = a * <5(0) = a 
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for every a G l l (7i). One can also check that 

(61.21) a *b = b*a 
and 

(61.22) (a * b) * c = a * (b * c) 

for every o, 6, c G ^(Z), directly from the definition of convolution, or using the 
fact that linear combinations of the S(n)'s are dense in ^(Z). It is well known 
and not too difficult to show that £*(Z) is complete with respect to the t 1 norm 
1 1 a. 1 1 1 . It follows that ^(Z) is a commutative Banach algebra, with convolution 
as multiplication and 5(0) as the multiplicative identity element. 

Suppose that <ft is a linear functional on £ (Zi) that is also a homomorphism 
with respect to convolution, so that <j)(a * b) — <j)(a) <f)(b) for every a, b G ^ 1 (Z). 
If <j>(a) ^ for some a G (Z), then (f>(6(0)) — 1, and is a continuous linear 
functional on £ X (Z) with dual norm 1, as in SectionHHl We would like to show 
that 

(61.23) 4>(a)=a(z) 

for some z G T and every a G ^(Z). Of course, we have already seen that 
4> z {a) = ^(-z) defines a homomorphism on ^(Z) for every z£T. 

If z = (f)(5(l)), then |z| < 1, because ||<5(l)||i = 1 and <j> has dual norm 1. We 
also know that 5(-l) * 5(1) = 5(0), which implies that 1)) <f>(6(l)) = 1. 

Thus z 7^ 0, z" 1 = <j)(8(— 1)), and hence | ^ 1 1 < 1, because \\8{— l)||i = 1 and (f> 
has dual norm 1. It follows that \z\ = 1, and that 4>(8(n)) = z n for each n G Z. 
Equivalently, <j)(a) — a(z) when a = 8(n) for some n. This also works when a 
is a finite linear combination of <5(n)'s, by linearity. Therefore 4>(a) = a(z) for 
every a G ^ 1 (Z), because linear combinations of the <5(n)'s are dense in ^(Z). 



62 The Poisson kernel 

Let f(z) be a continuous complex-valued function on the unit circle T. Note 
that the Fourier coefficients of / are bounded, with 

(62.1) \f(j)\ <±- I l/HI \dw\ < sup l/HI 
for each j G Z. Put 

00 00 

(62.2) 0(z) = £ /(i) ^ + e a-j) * j 

i'=0 J=l 

for each z G C with |z| < 1, where z J is interpreted as being equal to 1 for 
each z when j = 0, as usual. These two infinite series converge absolutely when 
\z\ < 1, because f(j) is bounded. If \z\ = 1, then z = and the sum of these 
two series is formally the same as the Fourier series (|60.5[) associated to /. 



94 



Equivalently, <f> = <f>i + fa, where 



(62.3) fa(z) = J2f(j)z^, fa(z) = J2f(-j)z^. 

3=0 3 = 1 

Of course, fa is a holomorphic function on the open unit disk, and fa is the 
complex conjugate of a holomorphic function on the open unit disk. It is well 
known that a holomorphic function h(z) is harmonic, meaning that it satisfies 
Laplace's equation 

d 2 h d 2 h n 

^ d^ + W = ° 

when we identify the complex plane C with R 2 , and where x, y correspond to the 
real and imaginary parts of z S C. More precisely, Laplace's equation applies 
to the real and imaginary parts of h(z) separately, both of which are harmonic. 
Thus the complex conjugate of a holomorphic function is also harmonic, and 
hence <p is a harmonic function on the open unit disk. 
The Poisson kernel is defined by 



(62.5) P(z,w) = ^( 



z j + ^2 ^ w ^ 

3=0 j=l 



for z, w € C with \z\ < 1 and \w\ = 1. Of course, these series converge absolutely 
under these conditions, and their partial sums converge uniformly on the set 
where \z\ < r and \w\ = 1 for every r < 1. This implies that 

(62.6) <P(z) = f P(z,w)f(w)\dw\ 

for every z in the open unit disk, using uniform convergence for w E T to 
interchange the order of summation and integration. In particular, 

(62.7) J P(z,w) \dw\ = 1 

for every z in the open unit disk, because (j>{z) = 1 for each z when / is the 
constant function equal to 1 on the unit circle. 
Observe that 



oo 



(62.8) lj w3 = ( J2 z3 ™ j ) ' 

j=l 3 = 1 

and hence 

1 

(62.9) P(z, w) = — (2 Re ^ z ° ™ 3 - l ) 

77 3=0 

for all z, w as before. Here Re a denotes the real part of a complex number a, 
and we are using the simple fact that a + a = 2 Re a. Summing the geometric 
series, we get that 

(62.10) £Vtf = : l = 1^£^ 
^ 1 - zw 1 — zwr 
3=0 1 1 
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when \z\ < 1 and \w\ — 1. Thus 

(62.11) P(z,w) = ~ zw\- 2 (2 - 2Rezw ~ \l~zw\ 2 ). 

We can expand 1— zw\ 2 into (1-zw)(1-zmi), which reduces to 1—2 Rez w— \z\ 2 
when \w\ ~ 1. It follows that 

(02.2) PC..,. 1-1=^ = 

27T |1 — 2"7T |ui — 

using = 1 again in the second step. In particular, P(z,w) > 0. 

If Zq,w £ T and z 7^ w, then P(z,w) 4 as z -> z , where the limit 
is restricted to z in the open unit disk. This is an immediate consequence of 
(|62.12[) . which also shows that we have uniform convergence for w G T that 
satisfy \w — za\ > 6 for some S > 0. 

Note that 



(62.13) </>(z) - f(z ) = / P(z, w) (f(w) - f(zo)) \dw\ 

Jt 

for every zqGT and z in the open unit disk, because of (I62.7p . and hence 

(62.14) \<Kz)-f(zo)\< [ P(z,w)\f(w)-f(z )\\dw\. 



JT 

Using this and the continuity of /, one can check that 4>(z) — > f(zo) as z — > zq 
in the open unit disk. More precisely, f(w) — f(zo) is small when w is close to 
Zq, while P{z, w) is small when w is not too close to zq and z is very close to zq. 

It follows that the function dehned on the closed unit disk by taking 4> on the 
open unit disk and / on the unit circle is continuous. In particular, if f(J) = 
when j < 0, then cj> = cj>i is holomorphic, as mentioned at the end of Section [60l 

63 Cauchy products 

If S^Lq a i z * Sj^Lo h z l are power series with complex coefficients, then 

00 00 00 

(63.1) (X>^(X>*') = x>*" 

j=0 1=0 n=0 

formally, where 

n 

(63.2) c„ = ^2 a j K-j- 

3=0 

In particular, 

00 00 00 

(63.3) (l>)(X>)=X> 

j=0 1=0 n=0 
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formally. These identities clearly hold when ctj = 6/ = for all but finitely many 
j, I, for instance. 

If Oj, bi are nonnegative real numbers, then it is easy to see that 

N N N 

(63.4) E c «^(E a ;)(E & <) 

71=0 3=0 (=0 

for every nonnegative integer TV. Similarly, 

JV JV 2JV 

(63.5) (E^)(E*«)^E^ 

j=0 l=o n=0 

Hence Eri=o c ™ converges and satisfies (|63.3I) when J2fLo a j> Si=o ^ converge. 
If a,,-, 6; are arbitrary real or complex numbers, then 

n 

(63.6) |c„| <El%ll 6 «^l 

for each n. If Ej=o a .?> Ez=o converge absolutely, then it follows that Y^Lo c « 
converges absolutely too, by the remarks in the previous paragraph. In this case, 
one can check that (|63.3|) holds, by expressing these series as linear combinations 
of convergent series of nonnegative real numbers, and using the remarks in 
the previous paragraph. Alternatively, one can approximate these series by 
ones with only finitely many nonzero terms, and estimate the remainders using 
absolute convergence. 

Suppose now that X^=o a j z3 1 E;=o ^ z ' are power series that converge when 
| z | < 1, and hence converge absolutely when \z\ < 1, by standard results. Thus 
Y^=o°n z 11 converges absolutely when \z\ < 1, and is equal to the product of 
the other two series. The partial sums of these series also converge uniformly 
for \z\ < r when r < 1, by standard results. 

Put f(z) = J2'jLo a 3 z ^ 9( z ) = Ez^o 6 ' 2 ^ and h ( z ) = J2n=o c nZ n when 
\z\ < 1, so that 

(63.7) f{z)g{z) = h{z), 

as in the preceding paragraph. If f(z), g(z) have continuous extensions to the 
closed unit disk, then it follows that h(z) does as well. 
Note that 

(63.8) aj r j = ±-Jj(rz)z-i\dz\ 

for each j > and < r < 1, and similarly for g, h. This is because f(rz) is 
defined by an absolutely convergent Fourier series, so that we can reduce to the 
usual identities for the integral of a power of z on the unit circle by interchaning 
the order of integration and summation. If / extends continuously to the closed 
unit disk, then this formula also holds with r = 1. 
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If X^L-oc a ji IZiS-cx) ^ are doubly-infinite series of complex numbers, then 
we have again that 



(63.9) ( £ a,) ( ]T 6,) = £ cn 

j — — oo I— — 00 n— — oo 

with c n — X!jl-oo a i ^n-j) an d similarly 

oo oo oo 

(63.10) ( Oi^) ( E 6jz = E c « z "> 

j — — oo /— — oo n — — oo 

at least formally. As before, there is no problem with these identities when 
dj = bi = for all but finitely many j, I. Otherwise, even the definition of 
c n requires some convergence conditions. If the Oj's are absolutely summable 
and the 6;'s are bounded, or vice- versa, then the series defining c„ converges 
absolutely, and 

oo 

(63.11) |c„| < ^ \ a j \ \ b n-j\ 

j=—oo 

for each n. If both the a/s and bi's are absolutely summable, then it is easy to 
see that c„'s are absolutely summable too, with 

oo oo oo 

(63.12) £ |c„|<( ]T E N)- 

n= — oo j — — oo / — — oo 

This follows from the previous estimate for |c„| by interchanging the order of 
summation. One can also check that (|63.9I) holds under these conditions, in 
the same way as in the earlier situation for sums over nonnegative integers. Of 
course, this implies that (163. 10|) holds as well when \z\ = 1, which is basically 
the same as (|61.18l) . 

64 Inner product spaces 

Let V be a vector space over the real or complex numbers. An inner product on 
V is a function (v, w) defined for v, w G V with values in R or C, as appropriate, 
that satisfies the following three conditions. First, 

(64.1) X w (v) = (v,w) 

is linear as a function of v for each wGK Second, 

(64.2) (w,v) = (v,w) 
for every v, w S V in the real case, and 



(64.3) (w, v) = (v, w) 



for every v,w G V in the complex case. This implies that (v,w) is linear in w 
in the real case, and conjugate-linear in w in the complex case. It also implies 
that 

(64.4) (v,w) = (v,v) G R 

for every v G V in the complex case. The third condition is that (v,v) > for 
every iieVin both the real and complex cases, with equality only when v = 0. 
Put 

(64.5) |H| = {v,v) 1/2 

for every w G V. This satisfies the positivity and homogeneity requirements of 
a norm, and we would like to show that it also satisfies the triangle inequality. 
Observe that 

(64.6) 0<\\v + tw\\ 2 = (v,v) +t(v,w) +t(w,v) + t 2 (w,w) 

= \\v\\ 2 + 2t(v,w) +t 2 \\w\\ 2 

for every v, w G V and t G R in the real case, and similarly 

(64.7) 0<||i; + tw|| 2 = (v, v) +t(v,w) +t(w,v) + \t\ 2 (w,w) 

= \\v\\ 2 +t{v,w) +t(v,w) + \t\ 2 \\w\\ 2 
= \\v\\ 2 + 2Ret{v,w) + \t\ 2 \\w\\ 2 

for every v, w G V and t G C in the complex case. In both cases, we get that 

(64.8) < IMI 2 -2r\(v,w)\+r 2 \\w\\ 2 

for every v, w G V and r > 0, by taking t — —ra, where \a\ = 1 and 

(64.9) a(v,w) = \(v,w)\. 
Equivalently, 

(64.10) 2r \{v,w)\ < \\v\\ 2 + r 2 \\w\\ 2 
for every v, w G V and r > 0, and hence 

(64.11) \{v,w}\ < ^(r- 1 ||w|| 2 + r||w|| 2 ) 

when r > 0. If v, w ^ 0, then we can take r = ||f ||/||w|| to get that 

(64.12) |<w,«;>| < ||v|| ||w||- 

This is the Cauchy-Schwarz inequality, which also holds trivially when v = or 
when w = 0. 
As before, 

(64.13) h + w\\ 2 = IM| 2 + 2(v,w) + IMI 2 
for every v,w G V in the real case, and 

(64.14) \\v + w\\ 2 = \\v\\ 2 + 2 Re(w, w) + \\w\\ 2 
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for every v, w G V in the complex case. In both case, 

(64.15) \\v + w\\ 2 < |H| 2 + 2|(t>,u;)| + ||w|| 2 

< \\vf + 2\\v\\\\w\\ + \\wf = (\\v\\ + \\w\\) 2 , 

using the Cauchy-Schwarz inequality in the second step. This implies that 

(64.16) \\v + w\\ < \\v\\ + \\w\\ 

for every v, w G V, so that defines a norm on V, as desired. 
The standard inner products on R™ and C™ are given by 

71 

(64.17) {v,w)=J2 v j w j 
and 

n 

(64.18) (v,w) =J2 v i W. 
respectively. In both cases, the corresponding norm is given by 

n 1/2 

(64.19) imi = (En 2 ) • 

This is the standard Euclidean norm on R™, C™, for which the corresponding 
topology is the standard topology. 



65 f(E) 

Let E be a nonempty set, and let l 2 (E) be the space of real or complex- valued 
functions f(x) on E such that |/(a;)| 2 is a summable function on E, as in Section 
[T51 As usual, this may also be denoted £ 2 (E, R) or £ 2 (E, C), to indicate whether 
real or complex- valued functions are being used. Remember that 

a 2 + b 2 

(65.1) ab<^-^- 
for every a, & > 0, since 

(65.2) < (a-b) 2 = a 2 -2ab + b 2 . 
If f,9 G i 2 (E), then it follows that 

(65.3) \f{x)+g{x)\ 2 < (\f(x)\ + \g(x)\) 2 

= |/(.x)| 2 + 2|/(x)|| 3 ^)| + | ff (x)| 2 
< 2|/(.x)| 2 +2|. 9 ( a; )| 2 
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for every x £ E. Hence / + g 6 £ 2 (E), because |/(x)| 2 , \g(x)\ 2 are summable 
on E by hypothesis. 
Similarly, 

(65.4) \f(m9(x)\<\\f{x)? + \\9i?)\ 2 
is a summable function on E when f,g e £ 2 (E) . Put 

(65.5) (/,.?> = ^T/(x)g(x) 
in the real case, and 

(65.6) </,0> = s£) 

rrG-E 

in the complex case. Thus 

(65.7) (/,/} = ]T|/(z)| 2 

x<EE 

in both cases. It is easy to see that £ 2 {E) is a vector space with respect to 
pointwisc addition and scalar multiplication, and that (/, g) defines an inner 
product on £ 2 (E). The norm associated to this inner product is denoted ||/||2- 
If / e £ 1 {E), then / is bounded, and ||/||oo < ||/||i- This implies that 

(65.8) J2 i/^i 2 ^ ii/ii- E = ii/ii- ii/ii* < WfWl 

xEE xeE 

so that / £ £ 2 {E) and 

(65.9) ll/l|2< H/lli. 
Similarly, if / G £ 2 {E), then / is bounded on E, and 

(65.10) H/IU < \\,f\\ 2 . 

One can also check that / 6 cq(E), for the same reasons as for summable 
functions, and hence 

(65.11) l\E) C£ 2 (E) Cc (E). 

As in the case of ^(E), one can show that functions with finite support on E 
are dense in £ 2 {E). 

If (V, (v,w)) is a real or complex inner product space, then X w (v) = (v,w) 
defines a continuous linear functional on V for every w € V . This uses the 
Cauchy-Schwarz inequality, which implies that the dual norm of X w is less than 
or equal to the norm of w. The dual norm of X w is actually equal to the norm 
of w, as one can check by taking v — w. If V = £ 2 {E) with the inner product 
defined before, then one can show that every continuous linear functional is of 
this form, using arguments like those in Sections [14] and 1151 An inner product 
space (V, (v, w)) is said to be a Hilbert space if V is complete as a metric space 
with respect to the metric determined by the norm associated to the inner 



101 



product. It is well known that i 2 (E) is complete with respect to the £ 2 norm, 
and hence is a Hilbert space. Conversely, it can be shown that every Hilbert 
space is isometrically equivalent to £ 2 (E) for some set E. This is simpler when 
V is separable, in the sense that it has a countable dense set, in which case E 
has only finitely or countably many elements. One can also show more directly 
that every continuous linear functional on a Hilbert space can be expressed as 
X w (v) for some w E V. 



66 Orthogonality 

Let (V, (v, w)) be a real or complex inner product space. We say that v, w g V 
are orthogonal if 

(66.1) (v,w)=0, 
which implies that 

(66.2) || W + H| 2 HM| 2 + H| 2 . 

A collection of vectors v\ , . . . , v n G V is said to be orthonormal if Vj is orthogonal 
to Vi when j ^ I, and ||u,-|| = 1 for each j. This implies that 

(66.3) / ^2 a i v i>J2 blVl ) =J2 a i h i 
for every a\, . . . ,a n ,b\, . . . ,b n E R in the real case, and 

/ n n \ n 

(66.4) / J2 a o v 3 J2 bl Vl ) = J2 a i ^ 
S'=i '=i 1 i=i 

for every ai, . . . , a n , bi, . . . , b n E C in the complex case. 
Suppose that V\,. . . ,v n E V are orthonormal, and put 

n 

(66.5) P(v) = '£(v,v j )v j 

i=i 

for each v E V. Thus P(v) is an element of the linear span of v\, . . . , v n for each 
v E V , and P(v) = v when v is in the linear span of v\, . . . , v n . Moreover, 

(66.6) (P(v),vi) = (v,vi) 
for every v EV and I — 1, . . . , n, which implies that 

(66.7) (v-P(v),vi)=0 

for I = 1, . . . , n. Hence v — P(v) is orthogonal to every element of the linear 
span of vi, . . . , v n . In particular, v — P(y) is orthogonal to P(v), which implies 
that 

n 

(66.8) |M| 2 = ||„ - ^)H 2 + \\P(v)\\ 2 = \\v P(v)\\ 2 + E \(v,v,)\ 2 . 

3 = 1 
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Let w be any clement of the linear span of V\, . . . , v n . Thus v — P(v) is 
orthogonal to w, and hence v — P(v) is orthogonal to P(v) — w. This implies 
that 

(66.9) - w|| 2 = \\v - P(v)f + \\P{v) - w\\ 2 > \\v - P(v)\\ 2 , 

so that P(v) is the element of the linear span of vi, . . . ,«„ closest to v. 

Let A be a nonempty set, and suppose that for each a € A we have a vector 
v a G V such that ||u a || = 1 and v a is orthogonal to vp when (3 <E A and a^/i. 
Thus v a , a G A, is an orthonormal family of vectors in V. If v G V and 
a\, . . . ,a n are distinct elements of A, then (|66.8[) implies that 

(66.10) £K^>l 2 f:|MI 2 - 

i=i 

It follows that (v, v a ) is an element of £ 2 (A) as a function of a, with 

(66.11) £|(^a>| 2 <H 2 . 

If w is in the closure of the linear span of the i> Q 's, a G A, with respect to the 
norm associated to the inner product on V , then one can check that 

(66.12) £|( V , Wa >| 2 = H 2 . 



67 Parseval's formula 

Let C(T) be the space of continuous complex-valued functions on the unit circle. 
It is easy to see that 

(67.1) (f,9) = ^~ I f(z)gjz)\dz\ 



defines an inner product on C(T), for which the corresponding norm is given 

by 

\ 1/2 

it 

As in Section[60l the functions on T of the form z J , j G Z, are orthonormal with 
respect to this inner product. The Fourier coefficients of a continuous function 
/ on T can also be expressed as 



(67.2) ll/H = (±-j^f{ z )f 



(67.3) m = (f,*>). 

Parseval's formula states that 

(67.4) l^')! 2 ^ / t I/(*)| 2 |^I 
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That the sum on the left is less than or equal to the integral on the right 
follows immediately from the orthonormality of z J , j G Z, as in the previous 
section. In order to show that equality holds, it suffices to check that / can 
be approximated by finite linear combinations of the z v s with respect to the 
norm associated to the inner product. In fact, a continuous function / on the 
unit circle can be approximated uniformly by a finite linear combinations of the 
z J 's, j S Z. To see this, one can use the function <f>(z) on the open unit disk 
discussed in Section [521 Remember that 4> extends to a continuous function 
on the closed unit disk, which is equal to / on the unit circle. It follows that 
4>{r z) converges uniformly to f{z) for z € T as r — >■ 1, because continuous 
functions on compact sets are uniformly continuous. It is easy to see that tp(r z) 
can be approximated uniformly on T by a finite linear combination of the z J, s 
for each r < 1, because of the absolute convergence of the series defining tp(r z) 
when r < 1. This implies that / can be approximated uniformly by finite linear 
combinations of the z^s on T, as desired. 



68 £p(E) 



Let E be a nonempty set, and let p be a positive real number. A real or complex- 
valued function f(x) on E is said to be p-summable if \f(x)\ p is a summablc 
function on E. The space of p-summable functions on E is denoted £ P (E), 
or £ P (E, R), £ P (E,C) to indicate whether real or complex-valued functions are 
being used. This is consistent with previous definitions when p = 1,2. 
Observe that 

(68.1) (a + b) p < (2 max(a, b)) p = 2 P max(a p , b p ) < 2 P (a p + b p ) 

for any pair of nonnegative real numbers a, b. If /, g are p-summable functions 
on E, then it follows that / + g is also p-summable, with 

(68.2) £ + 3 (.*)P> < £(|/(*)| + |<7(a;)|) p 
xeE xeE 

< 2^|/(x)| 2 + 2^|^)r. 

x£E x£E 

This implies that £ P (E) is a vector space with respect to pointwise addition and 
scalar multiplication over the real or complex numbers, as appropriate. 
If / is a p-summable function on E, then we put 



(68.3) ll/ll P =(El/WI P ) 



i//< 



xeE 



It is easy to see that / vanishes at infinity on E, as in the p = 1 case. In 
particular, / is bounded, and we have that 

(68.4) \\f\\oo<\\f\\ P . 
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This implies that / is g-summable when p < q < oo, since 

(68.5) Ei/^i 9 ^ u/ii£ p £ woi p - 

More precisely, we get that 

(68.6) ll/ll' <||/||L- p WfF P < wm, 

and hence 

(68.7) ll/IU < U/IU 

If < p < 1, then 

(68.8) a + b < {a p + b p ) 1 ' p 

for every a,b > 0. This follows from (|68.7p with q = 1, using a set -E with two 
elements. Equivalently, 

(68.9) {a + bf < a p + b p . 

If /, g are p-summable functions on E, then we get that 

(68.10) ^l/W+sWI" < E(I/WI + |5WI) P 

< Ei/(*)i p + Ei5(*)i p - 

xEE xEE 

Thus 

(68.11) 11/ + <?!!£< 11/11? 

This is a bit better than what we had before, since there is no longer an extra 
factor of 2 P . Note that ||/|L does not satisfy the ordinary triangle inequality 
when < p < 1 and E has at least two elements, and hence is not a norm on 
£P(E). However, \\f-g\\ p p defines a metric on £ P (E) when < p < 1, by (I68.1ip . 

69 Convexity 

It is well known that 4> p (r) — r p defines a convex function of r > when p > 1. 
Therefore 

(69.1) (ta + {l-t)b) p <ta p + (l~t)bP 

for every a,b > and < t < 1 when p > 1. In particular, if we take t = 1/2, 
then we get that 

(69.2) {a + b) p < 2 p - 1 (a p + b p ). 

This improves an inequality in the previous section by a factor of 2. 

If /, g are p-summable functions on a set E, < t < 1, and p > 1, then it 
follows that 



(69.3) El* /(*) + (!-*) < E(*i/( a; )i + ( 1 -*)l5( a; )l) P 

< tEi/wr+a-^Ei^)!^ 
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Equivalently, 

(69.4) ll*/ + (l-*)flll?<*ll/ll?+(l-*)llflll?. 
Minkowski's inequality states that 

(69.5) II/ + <?IIp<II/IIp + NIp 

for every f,g£ £ P (E) when p > 1. This implies that ||/|| p is a norm on £ P {E) 
whenp > 1, because ||/|| p satisfies the positivity and homogeneity conditions of 
a norm for every p > 0. 

To prove Minkowski's inequality, we may as well suppose that neither / nor g 
is identically on E, since it is trivial otherwise. Put /' = //||/|| p , g' = g/\\g\\ P , 
so that \\f\\ p = \\g'\\ p = 1. Thus 

(69.6) \\tf + (l-t)g'\\ p <l 
when < t < 1, by If 



(69.7) t = 



II/IIp 



P + h\\ P )' 



then 1— t = Hffllp/GI/Hp+IMIp), and Minkowski's inequality follows from (|69.6|l . 
Remember that a subset A of a vector space V is said to be convex if 

(69.8) tv+(l-t)w eA 

for every v, w £ A and < t < 1. If iV(u) is a seminorm on V, then it is easy 
to see that the corresponding closed unit ball 

(69.9) B = {v £ V : N(v) < 1} 

is a convex set in V. Conversely, if a nonnegative real- valued function N(v) on 
V satisfies the homogeneity condition of a seminorm and B is convex, then one 
can check N(v) is a seminorm on V. This is basically the same as the argument 
in the previous paragraph for ||/|| p , at least when N(v) satisfies the positivity 
condition of a norm. Otherwise, some minor adjustments are needed to deal 
with v £V such that N(v) = but v 0. 



70 Holder's inequality 

Let 1 < p, q < oo be conjugate exponents, in the sense that 

(70.1) - + - = 1. 

P 1 

If E is a nonempty set, / £ £ P (E), and g £ £ q (E), then Holder's inequality 
states that f g £ ^(E), and 

(70.2) ll/fllli < ll/IUMI,. 
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This also works when p — 1 and q — oo, or the other way around, and is much 
simpler. The p = q = 2 case can be reduced to the Cauchy-Schwarz inequality. 
Using the convexity of the exponential function, one can check that 

, oP b q 

70.3) ab< — + — 

p q 

for every a, b > 0. Applying this to a = |/(af)|, b — \g(x)\, and summing over 
x G E, we get that 



(70.4) ^ \f{x)\ \g{x)\ < p-i ^ \f(x)\P + q-> ^ \g(x)\ 

x£E xeE xeE 



In particular, f g G ^(E), and 

(70.5) ll/slli^P" 1 11/11? + 

which implies Holder's inequality in the special case where = \\g\\q = 1. 

If / and g are not identically on E, then one can reduce to this case, by 
considering /' = g' — g/\\g\\q- Otherwise, if / or g is identically on 

E, then the result is trivial. 

If / 6 i?(E), g € £ q (E), then put 

(70.6) A 9 (/) = 

Holder's inequality implies that 

(70.7) |A fl (/)|<||/|| P ||ffL 

so that X g (f) defines a continuous linear functional on £ P (E) for each g G £ q (E), 
with dual norm less than or equal to One can check that the dual norm 

of A on £ P (E) is actually equal to \\g\\ g , by choosing g such that 



(70.8) /(^)5(^) = I/(^)I P = I<7(^ 



for every x d E. These conditions on g are consistent with each other, because 
p and q are conjugate exponents. 

Conversely, if A is a continuous linear functional on £ P {E) 1 then one can 
show that A = X g for some g G £ q (E). As usual, one can start by putting 
g(x) — X(S X ), where 5 X is the function on E equal to 1 at x and to elsewhere. 
This permits X g (/) to be defined as in the previous paragraph when / has finite 
support on E, in which cas it agrees with A(/), by linearity. The next step is 
to show that 

(70.9) (]>>(*) I 9 ) 1A 

x£A 

is bounded by the dual norm of A on l v (E) when A is a finite subset of E. This 
can be done by choosing / such that (|70.8p holds when x G A, and f(x) = 
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when x G E\A. This implies that g £ £ q (E), and that \\g\\ q is less than or equal 
to the dual norm of A on £ P (E). The remaining point is that A(/) = X g (f) for 
every / G £ P {E). We already know that this holds when / has finite support on 
E, which implies that it holds for every / G (?{E), because functions with finite 
support are dense in £ P (E), and because A and X g are continuous on £ P {E). 

71 p < 1 

Let E be a nonempty set, and let p be a positive real number strictly less than 
1. As in Section [651 

(71-1) d p (f,g) = \\f-g\\* 

defines a metric on £ P (E). It is easy to see that addition and scalar multiplication 
are continuous with respect to the topology associated to this metric, so that 
£ P (E) becomes a topological vector space. If E has only finitely many elements, 
then £ P (E) can be identified with R" or C", as appropriate, where n is the 
number of elements of E, and the topology on £ P {E) determined by this metric 
corresponds exactly to the standard topology on R" or C™. 

If / G £ p {E) and g G £°°(E), then fg G £P(E) C l x {E), and we can put 

(71-2) *»(/) = £/(*)$(*)• 

Moreover, 

(71-3) |A a (/)|<||/||i|M|oo<||/|| P |M|oo. 

Using this estimate, it is easy to see that X g is a continuous linear functional 
on £ P (E) with respect to the topology associated to the metric defined in the 
previous paragraph. 

Conversely, suppose that A is a continuous linear functional on £ P (E). This 
implies that there is a S > such that 

(71-4) |A(/)| < 1 

for all / G £ p (E) such that d p (f,0) = \\f\\ p < S. Equivalently, there is a C > 
such that 

(71-5) |A(/)| <C||/|| P 

for every / G £ P (E), because of linearity. Put g(x) — X(S X ) foreachx G E, where 
S x is the function on E equal to 1 at s and to elsewhere. Thus \g(x)\ < C 
for every x G E, because ||5a:||p = 1- This permits us to define A g as in the 
preceding paragraph. By construction, A(/) = X g (f) when / has finite support 
on E. It is easy to see that functions with finite support on E are dense in 
£ P (E), for basically the same reasons as when 1 < p < oo. Hence A(/) = X g (f) 
for every / G £ P (E), since A, X g are both continuous on £ P (E). 

If E has at least two elements, then the unit ball in £ P (E) is not convex, 
unlike the situation when p > 1. HE has infinitely many elements, then the 
convex hull of the unit ball in £ P {E) is not even bounded with respect to ||/|| p , 
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since it contains all functions / on E with finite support such that ||/||i < 1, 
for instance. However, if /, g € i p (E), < t < 1, and h is another function on 
E that satisfies 

(71.6) \h{x)\ < \f{x)f\g{x)\^ 
for every x £ E, then h G £ P (E), and 

(71.7) ||% < ll/H* llffll^ 4 . 

This follows from Holder's inequality, and works for all p > 0. In particular, 
\\h\\ p < 1 when \\g\\ p < 1, which is a multiplicative convexity property of 

the unit ball in (P{E). 



72 Bounded linear mappings, revisited 

Let V be a real or complex vector space with a norm ||w||y, and consider the 
space BC(V) = BC(V, V) of bounded linear mappings from V into itself. This 
is an associative algebra, with composition of linear operators as multiplication, 
and the identity operator / on V as the multiplicative identity element. Note 
that ||/|| p = 1, except in the trivial case where V consists of only the zero 
element. If V is complete, then B£(V) is also complete with respect to the 
operator norm, as in Section [22] Thus BC(V) is a Banach algebra when V is 
a Banach space and V ^ {0}. If V is finite-dimensional, then BC(V) is the 
same as the algebra of all linear transformations on V. In particular, BC(V) 
is not commutative when the dimension of V is greater than or equal to 2. 
This includes the case where V is infinite-dimensional, since the Hahn-Banach 
theorem may be used to get plenty of bounded linear operators on V with finite 
rank. 

As an example, let V be the space of real or complex-valued continuous 
functions on [0,1], equipped with the supremum norm. If / is a continuous 
function on [0, 1], then let T(f) be the function defined on [0, 1] by 



(72.1) T(f)(x)= / f(y)dy. 

Jo 

Note that T(f) is continuously-diffcrcntiable on [0, 1], with derivative equal to 
/. In particular, T(f) is continuous on [0, 1]. Moreover, 



I sup 



(72.2) \T(f)(x)\ < f \f(y)\ dy < [ \f(y)\ dy < 

Jo Jo 

for every / G C([0, 1]) and x € [0, 1], which implies that 

(72.3) r(/)|U < / \f(y)\dy< ll/IUp. 

Jo 

It follows that T is a bounded linear mapping from C([0,1]) into itself, with 
operator norm less than or equal to 1. It is easy to see that | |T|| op = 1, by 
considering the case where / is the constant function equal to 1 on [0, 1]. 
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Let n be a positive integer, and let T n = To - ■ -oT be the n-fold composition 
of T. This can be expressed by the n-fold integral 

(72.4) T n (f)(x)= / •••/ f(yi)dy 1 ---dy n - 1 dy n . 

Jo Jo Jo 

Thus 

rx ry„ rV2 

(72.5) \T n (f)(x)\ < / / •••/ \f(yi)\dy 1 ---dy n - 1 dy n 

Jo Jo Jo 

/■I rVn rV2 

< / / ••• / \f(yi)\dy 1 ---dy n - 1 dy n . 
Jo Jo Jo 

If 

(72.6) a (n) = / •••/ dyi ■ ■ ■ dy n -i dy n , 

Jo Jo Jo 

then we get that 

(72.7) ||T"(/)|U P <a(n)||/|| sup . 

This shows that the operator norm of T n on C([0, 1]) is less than or equal to 
cr(n), and it is again easy to see that ||T n || op = a(n), by considering the case 
where / is the constant function equal to 1 on [0, 1]. 

In fact, if l[o.i] denotes the constant function equal to 1 on [0, 1], then it is 
easy to check that 

(72.8) T n (l [0A] )(x) = -, 
using induction on n. In particular, 

(72.9) <7(n)=T»(l [0il] )(l) = i 

TV. 

Alternatively, a(n) is the same as the n-dimensional volume of the n-dimensional 
simplex 

(72.10) E(n) = {y e R" : < y x < y 2 < ■ ■ ■ < y n ^ <y n < 1}. 

That the volume of S(n) is equal to 1/nl can also be seen geometrically, by 
decomposing the unit cube in R™ into n\ copies of £(n) with disjoint interiors. 
These copies of S(n) are obtained by permuting the standard coordinates of 
R™, using the n! permutations on the set {1, . . . , n). Each copy of S(n) has the 
same n-dimensional volume as S(n), and the intersection of any two distinct 
copies has measure 0. Thus the sum of the volumes of all of these copies of £(n) 
is equal to n\ times the volume of S(n), and is also equal to the volume of the 
unit cube, which is equal to 1. 

Observe that n! > k n ~ k+1 for each positive integer k when n > k, so that 

(72.11) (n!)- 1 /™ < fcC 5 - 1 )/"- 1 
when n> k. In particular, 

(72.12) (n!)- 1 /" < k- 1 ' 2 
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when n > 2fc, which implies that 

(72.13) lim (n\y 1/n = 0, 

n— >oo 

since the previous statement works for every positive integer k. It follows that 

(72.14) Urn ||T"||V« = 0, 

n— ¥oo r 

because ||T™|| op = a(n) — 1/nl. 

Equivalently, this shows that r(T) = 0, in the notation of Section [58] This 
would be trivial if T n = for some positive integer n, which is clearly not the 
case in this example. 

Let A be an associative algebra over the real or complex numbers with a 
multiplicative identity element, such as the algebra of bounded linear operators 
on a vector space with a norm. If x G A, then let A(x) be the subalgebra of A(x) 
generated by x, consisting of linear combinations of the multiplicative identity 
element and positive powers of x. It is easy to see that this is a commutative 
subalgebra of A, even if A is not commutative. If A is a topological algebra, 
then the closure of a commutative subalgebra of A is also commutative. If A is 
a Banach algebra, then closed subalgebras of A are Banach algebras too. 



73 Involutions 

Let A be an associative algebra over the real or complex numbers. A mapping 

(73.1) x^x* 

on A is said to be an involution if it satisfies the following three conditions. First, 
(|73.1[) should be linear in the real case, and conjugate-linear in the complex case. 
This means that 

(73.2) (x + y)* = x* + y* 
for every x, y £ A in both cases, 

(73.3) {tx)*=tx* 
for every x G A and t G R in the real case, and 

(73.4) (tx)* =tx* 

in the complex case. Second, (|73.1|) should be compatible with multiplication 
in A, in the sense that 

(73.5) (xy)*=y*x* 

for every x, y G A. Of course, (|73.5j) is the same as 

(73.6) {xyf =x*y* 
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when A is commutative. The third condition is that 



(73.7) (x*)* = x 

for every x 6 A. In particular, this implies that (|73.1[) is a one-to-one mapping 
of A onto itself. If A has a multiplicative identity element e, then it follows 
from the multiplicativity condition (|73.5[) that 

(73.8) e* = e. 

If A is equipped with a norm, then one normally asks also that the involution 
be isometric, so that 

(73.9) 11*1 = IN 
for every x G A. 

If A is the algebra of continuous complex- valued functions on a topological 
space, then 

(73.10) fip)^J(p) 

defines an involution on A. This would not work for holomorphic functions, 
because the complex-conjugate of a holomorphic function / is also holomorphic 
only when / is constant. If A is the algebra of n x n matrices of real numbers 
with respect to matrix multiplication, then the transpose of a matrix defines an 
involution on A. If instead A is the algebra of n x n matrices of complex numbers 
with respect to matrix multiplication, then one can get an involution on A by 
taking the complex conjugates of the entries of the transpose of a matrix. 

If (V, (v,w)) is a real or complex Hilbert space and T is a bounded linear 
operator on V, then it is well known that there is a unique bounded linear 
operator T* on V such that 

(73.11) (T{v),w) = (v,T*(w)) 

for every v, w £ V , known as the adjoint of T . It is easy to see that this 
defines an involution on the algebra BC(V) of bounded linear operators on V. 
The adjoint of T corresponds exactly to the transpose of a real matrix or the 
complex conjugate of the transpose of a complex matrix when T is represented 
by a matrix with respect to an orthonormal basis for V . 

Using the definition of the norm associated to an inner product and the 
Cauchy-Schwarz inequality, one can check that 

(73.12) llTHop - sup{|(T», w)\ :v,weV, \\v\\, \\w\\ < 1} 
for every bounded linear operator T on V. This implies that 

(73.13) ||HUp = im[op 

for every T £ BC(V), using the symmetry properties of the inner product and 
interchanging the roles of v and w in the previous expression for the operator 
norm of T*. Moreover, 

(73.14) \\T*oT\\ op =\\T\\ 2 op . 
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Of course, 

(73.15) \\T*oT\\ op <\\T*\\ op \\T\\ op =\\T\\ 2 op , 

and so it suffices to show the opposite inequality. Observe that 

(73.16) <(T*(T(«)),«) = (T(v),T(v)) = \\T(v)\\ 2 , 
by the dehnition of the adjoint operator T*. This implies that 

(73.17) ||I»|| 2 < ||(T*(T(«))||||«|| < ||T*oT|| op |H| 2 , 

by the Cauchy-Schwarz inequality and the dehnition of the operator norm. Thus 

(73.18) ||T||^<||T*oT|| op , 
as desired. 

A Banach algebra (A, \\x\\) equipped with an isometric involution x i— > x* is 
said to be a C* algebra if 

(73.19) \\x*x\\ = \\x\\ 2 

for every x G A. This includes the algebras of bounded linear operators on real 
or complex Hilbert spaces, as in the previous paragraphs. This also includes the 
algebra of real or complex- valued bounded continuous functions on a topological 
space X with respect to the supremum norm, where the involution is given by 
complex conjugation as in (173. 10p in the complex case, and by the identity 
operator in the real case. The same involutions are defined and isometric on 
the algebras of real and complex- valued continuously-differcntiable functions on 
the unit interval, as in Section \57\ but the C 1 norm does not satisfy the C* 
condition (|73.19l) . 

Suppose that r is a continuous involution on a topological space X, which 
is to say a continuous mapping from X into itself such that 

(73.20) t(t(p))= P 

for every p £ X. Equivalently, r is its own inverse, and hence a homeomorphism 
from X onto itself. Under these conditions, 

(73.21) f(p) i y /(r(p)) 

is an involution on the algebra of real- valued continuous functions on X, and 



(73.22) Op) i y /(r(p)) 

is an involution on the algebra of complex- valued continuous functions on X. 
These involutions also preserve the supremum norms of bounded continuous 
functions on X. However, the C* condition (|73.19[) does not work when t is 
not the identity mapping on X, at least when X is sufficiently regular to have 
enough continuous functions. 
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As a variant of this, let U be the open disk in the complex plane. If f(z) is 
a holomorphic function on U , then it is well known that 



(73.23) f(z) 

is also holomorphic on U. It is easy to see that this defines an involution on the 
algebra of holomorphic functions on U, which preserves the supremum norm of 
bounded holomorphic functions on U. However, if 

(73.24) f(z) = z + i, 

then the supremum norm of / on U is equal to 2, and the supremum norm of 



(73.25) f{z)f{z) = {z-i){z + i) = z z + l 

is equal to 2 as well. Thus the C* condition (|73.19[) does not work in this case 
either, when we restrict our attention to bounded holomorphic functions on U , 
since the supremum norm of (|73.25|) on U is strictly less than the square of the 
supremum norm of /. 

Let (A, ||a: [[,&*) be a real or complex C* algebra, and suppose that x E A 
satisfies 

(73.26) x* = x. 

In this case, the C* condition (|73.19|) reduces to 

(73.27) ||x 2 || = |M| 2 . 
If I is a positive integer, then 

(73.28) {x 1 )* = (x*) 1 =x\ 

and so we can apply the previous statement to x l to get that 

(73.29) ||x 2 '|| = \\x l f. 
Applying this repeatedly, we get that 

(73.30) ||:r 2 1 = Nf 
for each positive integer n. Of course, 

(73.31) Uz'll < Harll' 

for any positive integer n, by the submultiplicativc property of the norm. If we 
choose a positive integer n such that I < 2" , then we get that 

(73.32) llxf-^ll^ll^llx'lHlxll 2 "-', 

using the submultiplicative property of the norm again. This implies that 

(73.33) IbH' < ||x'||, 
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and hence that 

(73.34) \\x l \\ = llxll' 

for each positive integer I. 

If y is any element of A, then x — y* y satisfies x* = x. Thus we get 

(73.35) \\(y* y y\\ = \\y*y\f = \\ y \\^ 

for each positive integer I. Suppose that y* commutes with y, so that 

(73.36) = (y*)V = (l/')V 
for each /, and hence 

(73.37) ||(y*y)i|| = ||(^)V||H|y'l| 2 - 

This implies that 

(73.38) \\y l \\ = \\y\\ l 

for each positive integer I, as before. 



Part III 

Several variables 

74 Power series 

Let n be a positive integer, and let 

(74.1) $>a« a 

a 

be a power series in n complex variables. More precisely, the sum is taken 
over all multi-indices a = (ai, . . . , a n ), z a = z" 1 • • • z" n is the corresponding 
monomial, and the coefficients a a are complex numbers. Let A be the set of 
z = (zi,...,z n ) E C™ for which this series converges absolutely, in the sense 
that summablc function of a on the set of multi-indices. Thus G A 

trivially, and w £ A whenever there is a z E A such that |tOj-| < \zj\ for 
j = 1, . . . , n, by the comparison test. 

Let J2 a ba z a be another power series, and let B be the set of z E C™ on 
which this series converges absolutely, as before. Note that 

(74.2) ]>>a+M^ 

a 

converges absolutely for every z E AflB. The product of these two power series 
can be expressed formally as 

(74.3) (E«^ a )(E ^ zf3 ) = E c 7 z ^ 

a f! 7 
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where 

(74.4) c 7 = a " b P- 

ce+/3=7 

More precisely, the sum on the right is taken over all multi-indices a, /3 such 
that a + f3 = 7, of which there are only finitely many. If z £ A D B, then one 
can check that J^j c i zl converges absolutely, and that the sum satisfies (|74.3p . 
As a first step, one can verify that 

(74.5) ]T |c 7 | |^| < (£> a | \z a \) \bp\ \z?\), 

7 a 

by estimating the sum over finitely many 7's in terms of the product of sums 
over finitely many a's and /3's. This implies that c 7 z 1 converges absolutely 
when z £ A n B, and one can show that (|74.3p holds by approximating infinite 
sums by sums with only finitely many nonzero terms. It suffices to consider the 
case where z = (1,...,1), since otherwise the monomials in z can be absorbed 
into the coefficients. One can also use linearity to reduce to the case where 
the coefficients are nonnegative real numbers, and estimate products of sums of 
finitely many a Q 's and bps in terms of sums of finitely many c 7 's. 

Let us return to a single power series ^ Q a a z a , and suppose that w, z 6 A 
and u £ C n satisfy 

(74.6) M < KN^'I 1 "* 

for some t £ R, < t < 1, and each j = 1, . . . , n. Hence 

(74.7) \u a \<\w a \ t \z a \ 1 ~ t 

for each multi-index a. The convexity of the exponential function on the real 
line implies that 

(74.8) fc*/ 1 "* < tk + (1 -t)l 

for every k, I > 0. Applying this to k = |w Q |, I = \z a \ and summing over a, we 
get that u £ A, because 

(74.9) Yl M \ u *\ ^ * E M Kl* + (!"*) E Kl l^l 1 "'- 



75 Power series, continued 

Let n be a positive integer, and let ^ Q a a z a be a power series with complex 
coefficients in z = (zi, . . . , z„). If I is a nonnegative integer, then 

(75.1) p z (z)=^a Q z Q 

is a homogeneous polynomial of degree I in 2, where more precisely the sum is 
taken over the finitely many multi-indices a such that \a\ — I. Of course, 

00 

(75.2) 5>(z) = 5> Q z Q 

1=0 a 
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formally, which gives another way to look at the convergence of J2 a a a z ° ■ ^ n 
particular, if J2 a a ° z ° converges absolutely for some z 6 C n , then YiZoPl( z ) 
converges absolutely, and the two sums are the same. This uses the fact that 

(75.3) \pi{z)\ < ^2 \a a \ \z a \ 

\a\=l 

for each I. 

Let b a z a be another power series, with the corresponding polynomials 

(75.4) q l (z)=Y / b a z a - 

\a\=l 

Thus pi(z) + qi(z) are the polynomials associated to ^2 a {a a +b a ) z a . Suppose 
that ^ 7 c 7 z 1 is the power series obtained by formally multiplying Y a a a z a 
and bp z@ , so that 

(75.5) c 7 = X] 

It is easy to check that the corresponding polynomials 

(75.6) n = c 7 zl 

are also given by 

i 

(75.7) n = ^2p j (z)qi- j (z). 

3=0 

This shows that r\ is the Cauchy product of the pj's and g^'s. 
Note that 

OO OO 

(75.8) Ew(*«)=E*'piW 

1=0 1=0 

may be considered as an ordinary power series in t £ C for each z € C". This 
gives another way to look at the Cauchy product in the preceding paragraph, as 
the coefficients of the product of two power series in t . If Pi ( z ) converges for 
some z € C™, then {pi{z)}'^l 1 converges to 0, and hence {pi{z)}'j*L 1 is bounded. 
This implies that (|75.8p converges absolutely when \t\ < 1, by the comparison 
test. 

Consider 

(75.9) p*(z) = limsup \pi{z)\ 1/l , 

l—^OO 

which takes values in [0, oo]. Observe that 

(75.10) p*(tz) = \t\p*(z) 

for each i £ C and z £ C™, because pi(z) is homogeneous of degree I. The 
right side of (|75.10l) should be interpreted as being when t = 0, even when 
p*(z) = +00, because p*(0) = 0. The root test states that Y^uLoPi( z ) converges 
absolutely when p*(z) < 1, and diverges when p*(z) > 1. It follows that the 
radius of convergence of (|75.8I) as a power series in t is equal to l/p*(z). 
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76 Linear transformations 



Let n be a positive integer, and let T be a one-to-one linear transformation from 
C" onto itself. Consider the mapping pt acting on complex-valued functions 
on C" defined by 

(76.1) p T (f)(z) = .f(T-\z)). 
Thus 

(76.2) p T (f + g) = p T (f) + p T (g) 
and 

(76.3) Pr(fg) = Pr(f) Pr{g)- 

for any pair of functions /, j on C". If / is a polynomial on C™, then it is easy 
to see that pr(f) is a polynomial too. If / is a homogeneous polynomial, then 
pr(f) is a homogeneous polynomial as well, of the same degree. 

Of course, pr(f) = / for every function / on C" when T is the identity 
transformation on C". If R, T are arbitrary invertible linear transformation on 
C", then 

(76.4) PH(pT(f))(z) = pT{f){R- 1 {z)) = f{T-\R-\z))) 

= f((RoT)- 1 (z))=p RoT (f)(z). 

In particular, Pt- 1 — (pt)" 1 - Let GL(C n ) be the group of invertible linear 
transformations on C™, with composition of mappings as the group operation. 
It follows that T M> p T is a homomorphism from GL(C n ) into the group of 
invertible linear transformations on the space of functions on C™, which is to 
say a representation of GL(C n ) on the space of functions on C". 

Let f(z) — J2 a a a 7 - a be a formal power series with complex coefficients. This 
can also be expressed as ^2i =0 Pi(z), where pi(z) is a homogeneous polynomial of 
degree I for each I > 0. If T is an invertible linear transformation on C, then we 
can take pr(f) to be the formal power series that corresponds to J2lZo Pt(Pi)- 
It is easy to see that this preserves sums and products of power series, just as 
for ordinary functions. In particular, this defines a representation of GL(C n ) 
on the space of formal power series. 

If ^2'iZqPi(z) converges for some z £ C™, then J^hLo Pt(pi)(T(z)) converges 
and has the same sum, because it is the same series of complex numbers. If 
X^oM z ) converges for every z £ C™, then Pt(pi)(T(z)) converges for 

every z £ C™, and has the same sum. Hence the formal and pointwise definitions 
of p(f) are consistent with each other in this case. 

77 Abel summability 

Let X)j!Lo a 3 be- an infinite series of complex numbers, and put 

oo 

(77.1) A(r) = J2^r j 

1=0 
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when < r < 1 . More precisely, we suppose that the sum on the right converges 
for each r < 1, which implies that {aj r J }°^ converges to for each r < 1, and 
hence that {a 7 r J }?L is bounded for each r < 1. Conversely, if {e^r 7 }?^ is 
bounded for each r < 1, then X jlo a i ^ converges absolutely for each t < 1, as 
one can see by taking t < r < 1 and using the comparison test, since X^o^A)' 5 
is a convergent geometric series under these conditions. The expressions A(r) 

are known as the Abel sums associated to Y^JLo a i-> anc ^ we sa y * nat SJlo a j lSi 
Abel summable if 

(77.2) lim A(r) 

i — >i— 

exists. 

If YlJLo a j converges in the usual sense, then it is Abel summable. To see 
this, let 

n 

(77.3) *n = J>i 

j=o 

be the nth partial sum of Y^jLo a j wnen n > 0, and put s_i = 0. Thus 
aj = Sj — sj-i for each j > 0, and hence 

oo oo oo 

(77.4) A(r) = £( Sj - - sj-!) r j = »i T ° ~ s ^ r ' 

j=0 j=0 j=0 

when < r < 1. There is no problem with the convergence of the series on the 
right, because the convergence of Y^jLo a j implies that {a,j}j°. converges to 
and is therefore bounded, which implies that s n = 0(n). Of course, 

oo oo oo 

(77.5) ]T sj-i r> = £ r j = £ s 3 r^+\ 

3=0 j=l j=0 

because s_i = 0, which implies that 

oo oo 

(77.6) A(r) = ]T Sj{r* r-> +1 ) = (1 - r) £ s 3 r> 

3=0 j=0 

when r < 1. 

We would like to show that 

(77.7) lim A(r) = lim Sj 

'I 7-1— j— 7-OC 

when the limit on the right side exists. Put s = lim^oo Sj, let e > be given, 
and choose L > such that 

(77.8) \ Sj -s\<\ 

for every j > L. Observe that 

oo 

(77.9) A(r) -s = (l-r) ^(sj - s) r j 

3=0 
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when r < 1, because (1 — r) 5Zjlo rJ = !• It follows that 

oo 

(77.10) \A(r)-s\ < (l-r)Y^ 



3=0 

L — l oo 

< (l-r)^| Si - S |H' + (l-r)^(e/2)', 

3=0 j=L 
L-l 

< (l-O^lsj-sl^' + l 

3=0 



for each r < 1. If r is sufficiently close to 1, then 

L-l L-l 

(77.11) (i_ r )^| s ._ s |^<(i_ r )^ 

so that |A(r) — s\ < e/2 + e/2 = e, as desired. 
If a G C satisfies |a| = 1, then 



s 3 - s \ < 77 



(77.12) 



1 



Ea? r 3 — 
1-flr 



when < r < 1. Hence J^jLo °^ * s Abel summable when 1, with the sum 



■'3 = 

-\oo 



equal to (1 — o) . Let J2j=o a ji S?=o be infinite series of complex numbers 
with Abel sums A(r), B(r), respectively, and note that J2°^ Q {aj + ^as Abel 
sums given by A(r) + B{r). If J2'jLo a 3> Y^jLo^i are Abel summable, then it 
follows that Y^°jLo( a 3 + ^3) ^ s -Abel summable, with the Abel sum of the latter 
equal to the sum of the Abel sums of the first two series. Suppose now that 
c n = Y^j=o a J bn-j is the Cauchy product of the dj's and bj's, and let C{r) be 
the corresponding Abel sums. As in Section [63l 

(77.13) C(r) = A(r) B{r) 

when < r < 1. More precisely, if the series defining A(r), B{r) converge 
absolutely, then the series defining C(r) also converges absolutely, and satisfies 
(177. 13|) . The existence of the Abel sums for Xwlo a 3 > ^3 f° r eacn r < •"■ 

implies that this condition holds for every r < 1, as discussed at the beginning 
of this section. If X^Lo a i> Y'jLo^J are Abel summable, then it follows that 
J2^Lo Cn i s Abel summable, and that the Abel sum of the latter equal to the 
product of the Abel sums of the former. 



78 Multiple Fourier series 

Let n be a positive integer, and let T™ be the n-dimensional torus, consisting 
of z = (#!,... ,z n ) € C™ such that \zj\ — 1 for j — 1, . . . ,n. If a = (a\, . . . ,a„) 
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is an 71-tuplc of integers, then put 



(78.1) z a =z^---z%", 

with the usual convention that = 1 when aj = 0. Thus 

< 78 - 2 > ffl'i^jsi-r^i 

is equal to when a ^ 0, and is equal to 1 when a = 0. Here \dz\ is the 
n-dimensional element of integration on T™ corresponding to the element \dzj\ 
of arc length in each variable. 

If / is a continuous complex- valued function on T" and a G Z", then we 

put 

1 



(78.3) f(a) = —— J^J(z)z- a \dz\. 
The corresponding Fourier series is given by 

(78.4) £/(«)*". 

For example, if f(z) = z 13 for some /3 G Z™, then /(a) = 1 when a — (3 and is 
equal to otherwise. Thus (|78.4[) reduces to / in this case, or when / is a finite 
linear combination of z^'s. Note that 



(78.5) \f(a)\ < __ jf |/( Z )| \dz\ 

for any continuous function / on T" and a€Z". 

Let U n be the n-dimensional open unit polydisk, consisting of z £ C™ with 
\zj\ < 1 for j = l,...,n. The n-dimensional Poisson kernel P n {z,w) can be 
defined for z G U n and w S T™ by 

n 

(78.6) P n (2,«;) = JJP^,^), 

3=1 

where P{zj, Wj) is the ordinary Poisson kernel evaluated at Zj 1 Wj, as in Section 
[62l If / is a continuous function on T", then its Poisson integral is defined on 
U n by 

(78.7) tf>(z) = ( P n (z,w)f(w)\dw\. 



As before, one can show that 4>(z) — > f(zo) as z G U n tends to Zq € T", but 
one can also do more than this. 

Let U be the n-dimensional closed unit polydisk, consisting of z G C" such 
that \zj\ < 1 for each j. Of course, this is the same as the closure of U n in C™. 
The boundary dU n of U n in C n consists of z G C n such that \zj \ < 1 for each j 
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and \zj\ = 1 for at least one j. In particular, T™ C dll n , but T" is a relatively 
small subset of dU n when n > 1. More precisely, U n has complex dimension n 
and hence real dimension 2n, dU n has real dimension 2n — 1, and T n has real 
dimension n. 

One can extend 4>(z) to z £ U in the following way. If z <E T™, then we 
simply put </>(z) = f(z). If z e dU n \T n , then \zj \ < 1 for at least one j, and we 
define 4>(z) by taking the Poisson integral of / in the jth variable when \zj \ < 1, 
and simply evaluating / at Zj in the jth variable when \zj\ = 1. It is not too 
difficult to show that this defines a continuous function on 17™. 

If z e C n and a e Z™, then put 

(78.8) z a = z^---z^, 

where = z" J when aj > and — ~z]~ ai when ctj < 0. Thus z a = z a 
when z £ T™, and 

(78.9) |2 01 | = | 2l |l ' 1 l..-|« n |l 0, -l 
for every z € C". If z S C/ n , then it is easy to see that 

(78.10) <P{z)= /(«) 2°. 

using the analogous expansion for the Poisson kernel in one variable. Note that 
this series converges absolutely for every z € U n , since the Fourier coefficients 
/(a) are bounded, as in (|78.5|) . 

If z € T" and < r < 1, then put 

(78.11) f r {z) = 4>{rz)= J2 f(u)r^z a , 

a£Z" 

where |a| = |ai| + • • • + \a n \. One can check that f r — > f as r — >• 1 uniformly 
on T™, using the fact that continuous functions on compact sets are uniformly 
continuous. The sum on the right side of (|78.11l) can be approximated by finite 
subsums uniformly on T™ for each r < 1, as in Weierstrass' M-test. It follows 
that every continuous function / on T" can be approximated uniformly by finite 
linear combinations of z a, s, a G Z™. 

Observe that 4>{z) is "polyharmonic" , in the sense that it is harmonic as a 
function of Zj on the set where \zj\ < 1 for each j. This follows from the remarks 
about harmonic functions of one complex variable in Section 1621 In addition, 

(78.12) sup \<f>(z)\ = sup |/(z)|. 

zeu n Z € T " 

More precisely, the right side of (|78.12[) is less than or equal to the left side 
because T™ C U and 4> = / on T 71 . To get the opposite inequality, one can 
use the fact that the Poisson kernel is positive and has integral equal to 1. 
If /, g are continuous complex- valued functions on T ra , then put 

(78.13) (/,<?) = — ^ J J(z)-gTz)\dz\. 
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This defines an inner product on the vector space C(T n ) of continuous complex- 
valued functions on T n , for which the corresponding norm is given by 

(78.14) ||/|| = ( -L- / \f(z)\ 2 \dz\^ 1 



(2n) r 



T" 



It is easy to see that the functions z a , a 6 Z™ are orthonormal with respect to 
this inner product, and that the Fourier coefficients of a continuous function / 
on T" can be expressed by 

(78.15) f(a) = {f,z a ). 

The n-dimensional version of Parseval's formula states that 

(78.16) I/(«)| 2 = tAt / l/(*)| 2 |d*l. 
«ez» [Z7T) JrTn 

where the summability of the sum on the left is part of the conclusion. This 
follows from the orthonormality of the z a, s and the fact that their finite linear 
combinations are dense in C(T), as in the one-dimensional case. 

Suppose that /, g are continuous functions on T™, and let us check that 

(78.17) (7s)(«)= £ f^-P)d(P)- 

This can be derived formally by multiplying the Fourier series for /, g and 
collecting terms. To make this rigorous, observe first that f(a — fi)g{fi) is 
summable in j3, because f,g€ £ 2 (Z n ), as in the previous paragraph. If g(z) = z 1 
for some 7 £ Z n , then it is easy to see that both sides of (|78.17|) are equal to 
f(a — 7). It follows that (|78.17|) holds when g is a finite linear combination of 
z 7 's, and the same conclusion for an arbitrary continuous function g on T™ can 
be obtained by approximation by linear combinations of z 7 's. 

If a(a), 6(a) are summable functions on Z n , then their convolution can be 
defined by 

(78.18) (a*b)(a)= ^ a(a - fi) b(fi), 

,36Z™ 

as in the one-dimensional case. More precisely, a * b is also summable on Z", 
and satisfies 

(78.19) ||o*6||i<||o||i||6||i, 

where ||a||i is the i 1 norm of a on Z™. This follows by interchanging the order 
of summation, as before, and one can also check that £ 1 (Z") is a commutative 
Banach algebra with respect to convolution. The Fourier transform of a in 
^(Z n ) is defined by 

(78.20) a(z) = a(a)z a 

a£Z" 

for z G T™. The sum on the right is absolutely summable for each z € T n , 
because a(a) is summable, and can be approximated by finite subsums uniformly 
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on T n , as in Weierstrass' M-test. This implies that a(z) is continuous on T", 
and it is easy to see that 

(78.21) {a*b)(z)=a(z)b(z) 

for every a,b £ ^ (Z™) and z £ T™, as before. Conversely, every nonzero 
multiplicative homomorphism on I (Z") with respect to convolution can be 
represented as a n> a(z) for some z £ T™, as in the one-dimensional situation. 
Note that the Fourier coefficients of a are given by a(a) for every a £ ^ 1 (Z"), 
because of the orthogonality properties of the z a, s. Observe also that 

(78.22) a{a)z a 

aeZ" 

is absolutely summable for every z £ ll" , which is the analogue of the function 
(j) discussed earlier. As usual, (|78.22l) can be approximated by finite subsums 
uniformly on U under these conditions, which implies more directly that it 
defines a continuous function on U than in the earlier discussion. 



79 Functions of analytic type 

Let A(T") be the collection of continuous functions / on T" such that 

(79.1) f(a) = 

when a £ Z n satisfies ctj < for some j. If /, g £ A(T n ), then it is easy to see 
from (|78.17p that their product / g is in A(T n ) too. Note that the sum on the 
right side of (|78.17l) has only finitely many nonzero terms in this situation. It 
follows that A(T n ) is a subalgebra of C(T"), since the former is clearly a linear 
subspace of the latter. 

If / £ A(T n ), then (178~1TJ reduces to 

(79.2) if>(z) = ^2f(a)z a , 

where now the sum is taken over all multi-indices a, which is to say a £ Zi n such 
that aj > for each j. Thus we get an ordinary power series in this case, in the 
sense that the z a, s are the usual monomials, instead of the modified monomials 
z a that may include complex conjugation. In particular, this implies that / 
can be approximated uniformly on T" by a finite linear combinations of z Q 's, 
where the a's are multi-indices, by the same type of argument as in the previous 
section. Of course, z a £ A(T n ) for every multi-index a, and A(T n ) is a closed 
set in C(T") with respect to the supremum norm. It follows that A(T n ) is 
the same as the closure in C(T" ) of the linear span of the z"'s, where a is a 
multi-index. 

Let 4>f be the continuous function (j) on the closed unit polydisk U associated 
to / G C(T") as in the previous section. If f,g £ A(T n ), then 

(79.3) <j> fg = fa <j> g . 
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This follows by multiplying the series expansions for <f>f, <p g in the previous 
paragraph and collecting terms, as in (|74.3I) and (|74.4I) . This also uses the 
formula (|78.17|) for the Fourier coefficients of the product / g. The main point 
is that 

(79.4) z a z 13 = z a+ P 

while z Q is not necessarily the same as z a+l3 . More precisely, this argument 
works on the open unit polydisk U n , where the series expansions for <pf,<p g are 
absolutely summable. This implies that (|79.3p holds on U™ , by continuity. 

Observe that A(T n ) is a commutative Banach algebra with respect to the 
suprcmum norm, since it is a closed subalgebra of C(T n ) that contains the 
constant functions, and hence the multiplicative identity element. If p 6 U , 
then / i-> 4>f{p) defines a nonzero homomorphism from A(T") into the complex 
numbers. Conversely, suppose that h is a nonzero homomorphism on A(T n ), 
and let us show that there is a p G U such that h(f) — 4>f{p) f° r every 
/ G A(T n ). As usual, /i(1t™) = 1, where It™ is the constant function equal to 
1 on T", and 

(79.5) \h(f)\ < sup \f(z)\ 

for every / G A(T" ) . Consider fj(z) = Zj, j — 1, . . . , n, as an element of A(T" ) . 
If pj = h(fj), then < 1 for each j, by (|79.5[) . Hence p = (pi, . . . ,p n ) G U . 
By construction, = 4>f{p) when / = fj for some j, and it follows that this 
also holds when / is a polynomial, because h is a homomorphism. Using (|79.5[) 
again, we get that h(f) = 4>f(p) for every / G A(T n ), because polynomials are 
dense in A(T n ). 

Let £\(Z n ) be the set of a G ^(Z 71 ) such that a{a) = whenever a G Z n 
satisfies «j < for some j. It is easy to see that this is a closed subalgebra of 
£ X (Z™) with respect to convolution. If a G ^(Z n ), then (|78.22j) reduces to an 
ordinary power series 

(79.6) J2 a ^ z °> 

(X 

where the sum is taken over all multi-indices a. If b £ £\(Z n ) too, then 

(79.7) ( £ a(a) z a ) ( £ h(/3) *") = ^(a * 6)( 7 ) ^ 

a ft 7 

for every z G J7 , which is basically the same as (|74.3I) again. Thus the mapping 
from a to (|79.6[) defines a homomorphism from £ 1 (Z") into the complex numbers 
for each z G U , using convolution as multiplication on £\(Z n ). 

Conversely, let us check that any nonzero homomorphism h from £\(Z n ) 
into the complex numbers is of this form. If a G Z n , then let S a be the function 
on Z™ defined by 5 a ({3) = 1 when a = (3 and S a ((3) = otherwise. Thus 
S q G A (Z n ) when otj > for each j. In particular, 5o £ wn ich is the 

multiplicative identity element for £ 1 (Z n ), and hence for £\(Z n ). It follows that 
h(5o) = 1, and we also have that 

(79.8) \h(a)\ < || a|| i 
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for every a £ £\(Z n ), since £\(Z n ) is a Banach algebra. Let a (I) be the element 
of Z n with Ith. component equal to 1 and other components equal to 0, for 
I = 1, ...,n. Put zi — h(6 a m), so that \zi\ < 1, since ||<5 a (i)||i = 1. Thus 
z = (zt, . . . , z n ) £ 17™, and h(S a ) = z a for every a £ Z n with a>j > for each 
j, because h is a homomorphism with respect to convolution on £ l A (Z n ). More 
precisely, this uses the fact that 



for every a, (3 £ Z". This implies that h (a) is equal to (|79.6[) for every a in 
£\(Zi n ) and this choice of z, by the linearity and continuity of h. 

If h were a homomorphism on all of £ x {Z n \ then we would have (|79.8I) for 
every a £ £ 1 (Z n ), which would imply that \zi\ = 1 for each I. This is because 
5 a {l) * &-a(l) = 5o, so that 



while |/i((5_ a (;))| < 1 by (|79.8I) . In this case, we would get that h(a) is equal 
to a(z) as in (|78.20[) for every a G £ 1 (Z n ), by essentially the same argument 
as before. Of course, a i— >• a(z) defines a homomorphism on £ 1 (Z n ) for every 
z g T", as in the previous section. 

Similarly, if h is a nonzero homomorphism on all of C(T n ) and /j(z) = Zj, 
then = 1 for each j, because z" 1 is also a continuous function on T" 

with supremum norm equal to 1. Using this, one can show that h(f) — f(p) for 
every / £ C(T"), where p — (pi, . . . ,p n ) £ T" is defined by pj = h(fj), in the 
same way as before. Although this is a special case of the results discussed in 
Section 1341 the present approach has the advantage of making the relationship 
with A(T n ) more clear. 

80 The maximum principle 

Let D be a nonempty bounded connected open set in the complex plane C. If 
/ is a continuous complex- valued function on the closure D of D in C, then the 
extreme value theorem implies that the \f(z) \ attains its maximum on D. If / is 
also holomorphic on D, then the maximum modulus principle implies that the 
maximum of \f(z)\ on D is attained on the boundary 3D of D. More precisely, 
if |/(,z)| has a local maximum on D, then / is constant. This follows from the 
fact that a nonconstant holomorphic function on a connected open set in C is 
an open mapping, in the sense that it maps open sets to open sets. 

Alternatively, suppose that z £ D, and that the closed disk centered at z 
with radius r > is contained in D. If / is holomorphic on D, then 



by the Cauchy integral formula. If |/| has a local maximum at z, then one can 
use this to show that f(w) = f(z) when \w — z\ is sufficiently small, and hence 



(79.9) 



5a * 5/3 — 5 a+ fj 



(79.10) 



zi h{5_ a{ i)) = h{5 a(l) ) h{5_ a Q)) = 1, 



(80.1) 
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that / is constant on D when D is connected. This identity is known as the 
"mean value property", since it says that the value of / at z is given by the 
average of / on the circle \w — z\ = r. This also works for harmonic functions 
on D, and the analogous statement for harmonic functions on open subsets of 
R™ holds for every n. In particular, if / is a harmonic function on a connected 
open set D C R Tl , and if |/| has a local maximum on D, then one can show 
that / is constant on D. Similarly, if / is a real- valued harmonic function on D 
with a local maximum on D, then / is constant on D. 

A holomorphic function of several complex variables is holomorphic in each 
variable separately. In particular, such a function is harmonic, but one can get 
stronger versions of the maximum principle by considering restrictions of the 
function to complex lines, or even "analytic disks" that do not have to be fiat. 

Suppose for instance that D is the unit polydisk U n . If / is a continuous 
complex- valued function on U that is holomorphic on U n , then one can show 
that the maximum of \f(z)\ on U is actually attained on T™. This is the same 
as the boundary of U n when n = 1, but otherwise is significantly smaller, as 
mentioned previously. This version of the maximum principle was implicitly 
given already in (178. 12[) . using Poisson integrals. This also works for functions 
that are polyharmonic instead of holomorphic, which is to say harmonic in Zj 
for j = 1, . . . , n. This can also be derived from the maximum principle for the 
unit disk, by looking at restrictions of the function to disks in which all but one 
variable is constant. 

81 Convex hulls 

Let A be a nonempty subset of R" for some positive integer n. The convex 
hull of A is denoted Con(A) and is defined to be the set of x G R" for which 
there are finitely many elements y% , . . . , y\ of A and nonnegative real numbers 
t\, . . . ,ti such that X)j=i tj ~ 1 an d 



It is easy to see that Con(A) is a convex set in R™, and that Con(yl) C B 
whenever A C B and B C R™ is convex. Thus Con(A) is the smallest convex 
set in R" that contains A. 

It is well known that every element of Con(^4) can be expressed as a convex 
combination of less than or equal to n + 1 elements of A. This uses the fact 
that R" is an n-dimensional real vector space, while the definition of the convex 
hull and the other remarks in the previous paragraph would work just as well in 
any real vector space. Using this, one can show that Con(A) is compact when 
A C R n is compact. Otherwise, the closed convex hull of A is defined to be the 
closure of the convex hull of A, and is automatically convex, because the closure 
of any convex set in R™ is also convex. This is the smallest closed convex set 



(81.1) 
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that contains A, because any closed convex set that contains A also contains 
Con(A) and hence Con(A). 

If E is a nonempty closed convex set in R" and x £ TL n \E, then a well- 
known separation theorem states that there is a linear function X(y) on R" 
such that 

(81.2) supA(y) < X(x). 

y£E 

To see this, observe first that there is an element u of E that minimizes the 
distance to x with respect to the standard Euclidean metric, so that 

n n 

(81.3) X>i-*j) 2 >X>j-*i) 2 
3=1 3=1 

for every y £ E. This follows immediately from the extreme value theorem 
when E is compact, and otherwise one can reduce to that case by considering 
the intersection of E with a closed ball centered at x with sufficiently large 
radius. Without loss of generality, we may suppose that u = 0, since otherwise 
we can translate everything by — u to reduce to this case. Thus the previous 
inequality becomes 

n n 

(81.4) £fe-^) 2 >£z 2 , 

i=i i=i 
which holds for every y £ E. Equivalently, 

n n 

(81-5) 

i=i j=i 

for every y g E. Because u = £ E and is convex, t y £ E for every y £ E 
and f G [0, 1]. Hence 

n n 

(81.6) $>lfe) 2 *j 

j=l 3=1 

for every y £ E and < i < 1. This implies that 

n n 

(si.?) tE^Ew^ 

when y £ E and < t < 1. Taking the limit as f — >• 0, we get that 

n 

(81.8) £%^<0 

for every y £ E. Put A(y) = ^™ =1 Vj x j> so tnat ^(j/) — f° r ever y y G -E, by 
the preceding inequality. Note that i^m = 0, because x £" E and u £ E. Thus 
we also have that A(x) = ^™ =1 > 0, as desired. 
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Let A be a nonempty set in R n , and let A be a linear function on R™. 
Suppose that x £ Gon(A), so that there are y\,...yi £ A and t\,...,ti > such 
that Yjj=i tj = 1 anc ^ x = Sj=i Vj- I 11 particular, 

i 

(81.9) \{x) = £ A( % ) < max \( Vj ). 
This implies that 

(81.10) A(x) < supA(y), 

yEA 

where the supremum on the right side may be +oo, in which case the inequality 
is trivial. If x £ Con(A), then it is easy to see that (|81.10l) also holds, by 
continuity. However, if x <E R"\Con(A), then there is a linear function A on R™ 
for which (|81.10|) does not hold, as in the previous paragraph. Thus the closed 
convex hull of A is the same as the set of x £ R n such that (|81.10p holds for 
every linear function A on R™. 



82 Polynomial hulls 

Let £ be a nonempty subset of C n for some positive integer n. The polynomial 
hull of E in C n is denoted Pol(-E) and defined to be the set of z £ C™ such that 

(82.1) \p{z)\ < sup \p(w)\ 

wEE 

for every polynomial p on C" . More precisely, to say that p is a polynomial on 
C means that p can be expressed as 

(82.2) p(w) = a a w a 

\a\<N 

for some nonnegative integer TV, where the sum is taken over all multi-indices 
a with |a| < N, and a a £ C for each a. If E is unbounded, then p may be 
unbounded on E 7 so that the supremum in (|82.ip is +oo, and the inequality is 
trivial. 

Of course, 

(82.3) E C Pol(£0 
by definition. If E 1 C E 2 C C'\ then 

(82.4) Pol(Si) C Pol^)- 

It is easy to see that Po\(E) is always a closed set in C™, because polynomials 
are continuous. Similarly, 

(82.5) Pol(£) = Pol(£), 

and so we may as well restrict our attention to closed sets E C C n . 
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If E is any nonempty subset of C n and p is a polynomial on C", then 

(82.6) sup \p{z)\ = sup \p(w)\. 

zePol(E) w£E 

More precisely, the right side is less than or equal to the left side because 
E C Pol(_E), while the opposite inequality follows from the definition of Yo\(E). 
If C 6 Pol(Pol(J5)), then we get that 

(82.7) \p(C)\ < sup \p(z)\ = sup \p{w)\ 

zGPol(E) weE 

for every polynomial p on C™, which implies that £ £ Po\(E). Thus Pol(Pol(i?)) 
is contained in Pol(_E), and hence 

(82.8) Pol(Pol(.E)) = Pol(-E), 

because Pol(-E) C Pol(Pol(i?)) automatically. 
As an example, let us check that 

(82.9) Pol(T n ) = tf\ 

If z € U", then z 6 Pol(T n ), as in Section|80l and so Z7" C Pol(T"). However, 
if z € C n \U , then > 1, and one can check that z g Pol(T"), by taking 
p(w) = Wj . Thus Pol(T n ) C U n , as desired. 

If E is any nonempty bounded subset of C n , then 



(82.10) Vo\{E) C Con( J B). 

To see this, we identify C with R 2 " as a real vector space, so that the results 
in the previous section are applicable. If z e C n \Con(_E), then there is a real- 
valued real-linear function A on C n = R 2n such that 

(82.11) sup X(w) < X(z), 

wGE 

as in the previous section. Equivalently, A can be expressed as the real part of 
a complex-linear function \i on C™, and 

(82.12) sup Re/i(w) < Re/i(z). 

w£E 

We would like to show that 

(82.13) sup |1 +tfi(w)\ < \1 +tfi(z)\ 

w£E 

when t is a sufficiently small positive real number, so that z ^ Pol(E). 
Note that 

(82.14) |1 + t/i(w)| 2 = (1 + t Rc/i(w)) 2 +t 2 (lmfi(w)) 2 

= 1 + 2 1 Re (jl(w) + t 2 (Re fi(w)) 2 + t 2 (Im /i(w)) 2 
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for every tgR and w € C" . Because E is bounded, 



(82.15) 



H(w)\ 2 = (Re^(w)) 2 + (lm/j(w)) 2 < C 



for some C > and every w £ E. Thus 



(82.16) sup |1 + ^M| 2 < 1 + 2* sup Re n{w) + C t 2 




for every t > 0. Using this and (|82.12jl . it is easy to see that 



(82.17) sup |1 + tfi(w)\ 2 < |1 + tn{z)\ 2 



when t > is sufficiently small, as desired. 

If n = 1 and i? C C is unbounded, then every nonconstant polynomial p on 
C is unbounded on E. Thus Pol(-E') = C in this case. In particular, Po\(E) 
may not be contained in Con(_E) when E is unbounded. 

Suppose that E is a nonempty set in C™ with only finitely many elements. 
If z £ C n \E, then it is easy to see that there is a polynomial p on C™ such that 
p{w) = for each w £ E and 7^ 0, by taking a product of affine functions 
that vanish at the elements of E, one at a time, and are nonzero at z. This 
implies that z g Po\(E), so that Po\(E) C £J. Hence Pol(-B) = E when E has 
only finitely many elements, since E C Pol(-E) automatically. By contrast, the 
convex hull of a finite set may be much larger. 

83 Algebras and homomorphisms 

Let £ be a nonempty compact set in C™, and let C(E) be the algebra of 
continuous complex-valued functions on E. Let PC(E) be the subalgebra of 
C(E) consisting of the restrictions to E of polynomials on C™, and let AC(E) 
be the closure of PC(E) in C{E) with respect to the supremum norm. Thus 
AC (E) is a closed subalgebra otC(E), and hence a commutative Banach algebra 
with respect to the supremum norm, since C(E) is. Of course, the constant 
function equal to 1 on E is the multiplicative identity element in C(E), and is 
contained in PC(E) C AC(E). 

Suppose that h is a nonzero homomorphism from AC(E) into the complex 
numbers. Let fj be the function on E defined by fj(w) = Wj for j — 1, . . . ,n, 
so that fj e PC(E) C AC{E) for each j. Put 



for each j, and consider z — (z\, . . . , z n ) € C™. If p is any polynomial on C™, 
and p is the restriction of p to E, then p g PC{E) C j4C(£J), and 



(83.1) 



(83.2) 



/i(p) =p(z). 



As in Section gHl 
(83.3) 



\h(f)\ < sup l/HI 
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for every / g AC(E). It follows that 



(83.4) \p(z)\ = \h(p)\ < sup \p(w)\ = sup \p(w)\ 

w£E w£E 

for every polynomial p on C". Thus z <E Pol(-E). 
Conversely, suppose that z G Pol(_E), so that 

(83.5) \p( z )\ < SU P \p( w )\ = SU P 

for every polynomial p on C". In particular, if p(w) = for every w £ E, then 
p(^) = 0. This implies that 

(83.6) h z (p)=p(z) 

is well-defined on PC(E), and in fact it is a homomorphism from PC(E) into 
the complex numbers. Moreover, (|83.5[) implies that h z is a continuous linear 
functional on PC(E) with respect to the supremum norm, so that h z has a 
unique extension to a continuous linear functional on AC{E). It is easy to see 
that this extension is also a homomorphism with respect to multiplication. 
The argument in the preceding paragraph would work just as well if 

(83.7) \p(z)\ < C sup \ P (w)\ 

for some C > and every polynomial p on C™. Note that p l is also a polynomial 
on C" for every polynomial p and positive integer I. Applying the previous 
condition to p l , we get that 

(83.8) \p{z)\ l < C sup \p(w)\ l . 

w£E 

Equivalently, 

(83.9) \p{z)\ < C 1/l sup \p(w)\ 

weE 

for each / > 1 and polynomial p on C". Taking the limit as I — > oo, it follows that 
the initial inequality holds with C = 1. Hence this apprently weaker condition 
implies that z £ Pol(.E) . This could also be derived from the earlier discussion, 
but this approach is more direct. 



84 The exponential function 

Put 

OO j 

(84.1) E(z)=J2 Z -i 

for each z € C, where j\ is "j factorial", the product of 1, ... ,j. As usual, this 
is interpreted as being equal to 1 when j = 0. It is easy to see that this series 
converges absolutely for every z G C, by the ratio test, for instance. 
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If z, w G C, then 
(84.2) E(z)E(w) = (22%)( 



OO / OO 71 i r 

x -> W \ \ ~t / x Z J W 



j\J \^ 11 J ^ \^ jl(n-j)\ 

j=Q J 1=0 n=0 j=0 ■' y J ' 

as in Section |63l This uses the absolute convergence of the series defining E(z) 
and E(w). The binomial theorem states that 



n i 

- — _ nri' 

(84.3) ^___^^ = ( , + u;r) 
so that 

(84.4) E(z)E(w) = J2 ™ =E{z + w). 

n=0 ' 

In particular, 

(84.5) E(z) E(-z) = E(Q) = 1 

for every z £ C. Equivalently, E(z) ^ for every z £ C, and 1/E(z) = E(—z). 
If x is a nonnegative real number, then it is clear from the definition of E(x) 
that E(x) G R and E(x) > 1. It follows that is a positive real number for 
every x G R, and that -E(a;) < 1 when x < 0. Similarly, it is easy to see from 
the definition that E(x) is strictly increasing when x > 0, and one can extend 
this to the whole real line using the fact that E(—x) = 1/E(x). 
Observe that 

(84.6) E(z) = E{z) 

for every z G C, by the definition of E{z). This implies that 

(84.7) \E(z)\ 2 = E(z)E{z) = E(z)E{z) = E(z + z) = E(2Rez), 
and hence 

(84.8) \E(z)\ = E(Rez) 

for every z G C. 

If z = i y for some y G R, then (|84.8I) implies that 

(84.9) |£(iy)|=l. 
It is well known that 

(84.10) E(i y) = cosy + i siny 

for every y € R. One way to see this is to use the standard power series 
expansions for the sine and cosine. Alternatively, 

(84.11) ^-E{iy) = iE{iy), 

ay 

as one can check using the series expansion for E(iy). We already know that 
E(iy) maps the real line into the unit circle T and sends y = to 1. This 
formula for the derivative of E(i y) shows that it goes around the circle at unit 
speed in the positive orientation. It follows that the real and imaginary parts of 
E(i y) are given by the cosine and sine, respectively, by the geometric definitions 
of the cosine and sine. 
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85 Entire functions 

Suppose that 

(85.1) ^a Q z Q 

a 

is a power series with complex coefficients that is absolutely summable for every 
z € C™, and let f(z) be the sum of this series. If E is a nonempty bounded set 
in C™, then 

(85.2) \f(z)\ < sup |/H| 

for every z £ Po\(E) . This follows from the definition of the polynomial hull, and 
the fact that / can be approximated uniformly by polynomials corresponding 
to finite subsums of (|85.1[) on bounded subsets of C™. 
Let u = (ux, . . . , u n ) £ C" be given, and put 

n 

(85.3) fx(z) =J2 u i z i- 
Observe that f^z) = E(/j,(z)) can be expressed as 



(85.4) I[E(u j z j )=J2 

j=l a 



^Z° 



where a! = a±\ ■ ■ ■ a n \. In particular, this power series is absolutely summable 
for every z £ C". Moreover, 

(85.5) \f,(z)\=E(Re^(z)), 

as in the previous section. 

If E is a nonempty subset of C™ and z £ C"\Con(_E), then there is a 
complex-linear function (i on C™ such that 

(85.6) sup Refi(w) < Re^(z), 
as in Section [82] Hence 

(85.7) sup |/^H| < |/ M (z)|. 

This has the advantage of working for both bounded and unbounded sets E, in 
exchange for allowing a larger class of functions than polynomials, as before. 



86 The three lines theorem 

Let D be the open unit strip in the complex plane, 
(86.1) D = {z £ C : < Rez < 1}, 
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so that the closure of D is the closed unit strip, 

(86.2) D = {z £ C : < Rez < 1}. 

Also let / be a continuous complex-valued function on D which is holomorphic 
on D, and suppose that Aq, A\ are positive real numbers such that 

(86.3) \f(x + iy)\<A x 

for x = 0, 1 and every y G R. If / is also bounded on D, then the three lines 
theorem states that 

(86.4) \f(x + iy)\<Al-*Al 

when < x < 1 and y G R. 

To do this, we would first like to show that / satisfies the maximum principle, 
so that 

(86.5) \f(x + iy)\ < max(A , Ai) 

when < x < 1 and y 6 R. However, D is not bounded, D is not compact, and 
so we cannot use the ordinary maximum principle in quite the usual way. Let 
us begin with the case where / satisfies the additional condition that f(z) — ) 
uniformly on D as | Im z\ — » oo. Put 

(86.6) D R = {z e D : \lxaz\ < R} 

for each R > 0. Thus Dr is bounded, and we can apply the maximum principle 
to / on Dr. If 

(86.7) B Jl = sup{|/(a! + iy)|:0<a;<l,y = ±ii} 1 
then we get that 

(86.8) \f(x + iy)\ < mnx(A , A u Br) 

when < x < 1 and \y\ < R. By hypothesis, Br — > as R — > oo, and so (|86.5|) 
follows easily in this case. 

If / is bounded but does not necessarily tend to at infinity, then we can 
approximate it by functions that do. Consider 

(86.9) f e (z) = f(z)E(ez 2 ) 
for each e > 0. Observe that 

(86.10) \f e (z)\ = \f(z)\ \E(ez 2 )\ = \f(z)\E(e(x"-y 2 )), 

where z = x + iy, and hence Rez 2 = x 2 — y 2 . Thus f e (z) is continuous on D, 
holomorphic on D, and tends to uniformly as \y\ — > oo for each e > 0, because 
/ is bounded on D by hypothesis and E(e y 2 ) — > +oo as y — > +oo for each e > 0. 
We also have that 

(86.11) \f e (iy)\<A , \fSv)\<AiE{e) 
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for each i/gR, since E(—ey 2 ) < 1 for every j/6R, This permits us to use the 
version of the maximum principle in the previous paragraph, to get that 

(86.12) \Mx + iy)\ <max(A),^i£(e)) 

when < x < 1 and y £ R. Of course, f e (z) — > f(z) for each z G -D as e — > 0, 
and it follows that / satisfies (|86.5[) . by taking the limit as e — >• in (|86.12[) . 

Note that .E(t) > 1 + t for every nonnegative real number £, by the definition 
of -E(i). Thus — > +oo as t — > +oo, as in the previous paragraph, and hence 
E(—t) = 1/E(t) — > as t —> +oo. If A is a positive real number, then it follows 
that there is a unique real number log A such that E(logA) — A, because E(t) is 
a strictly increasing continuous function on the real line. Put A z = E(z log A), 
and observe that \A Z \ = A Rez , by the properties of the exponential function. In 
order to get (|86.4[) . consider 

(86.13) g(z) = f(z)A z - 1 A^. 

This is a bounded continuous function on D which is holomorphic on D and 
satisfies 

(86.14) \g{x + iy)\<l 

when x = 0, 1 and y £ R, by the corresponding properties of /. The analogue 
of (|86.5p for g implies that (|86.14l) holds for every < x < 1 and y £ R, which 
is the same as (|86.4I) . 



87 Completely circular sets 

A set E C C" is said to be completely circular if 

(87.1) (uizi,...,u„z n ) £ E 

for every z = (z\, . . . , z n ) £ E and u = (ux, . . . ,u n ) £ C" such that \uj\ < 1 
for each j. Equivalently, w £ E whenever w £ C" satisfies |iOj| < \zj\ for some 
z £ E and each j. In particular, £ E when E ^ 0. 
Suppose that w,ze£,fl<i<l, and v £ C™ satisfy 

(87.2) N^fH 1 -' 

for each j . We would like to show that v £ Pol(-E) when E is completely circular. 
Thus we would like to show that 



(87.3) |p(»)|<Bup|p(0| 

for every polynomial p on C". To do this, we shall use the version of the 
maximum principle discussed in the previous section. 
By hypothesis, we can express v as 

(87.4) vj=n j \z j \ t \wj\ 1 - t , 
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where \uj\ < 1 for each j. Put 

(87.5) g j (T)=u j \z j nw j \ 1 -T 

for each r £ C and 1 < j < n. This uses the dchnition of A T for any positive 
real number A and complex number t as £J(r log ^4), as in the previous section, 
and we put A T = for every t £ C when ^4 = 0. Note that 

(87.6) l5,(r)|<|^| RcT K-r- RoT 
for each r and j, and hence 

(87.7) j(t) = (ji(t) ft,(T))ei 

when Rer = 0, 1. We also have that g{t) — v, by construction. 
Let p be a polynomial on C n , and consider 

(87.8) f(T)=p(g(T)). 

This is a holomorphic function on the complex plane C, and in particular it is 
a holomorphic function on the open unit strip D that extends continuously to 
the closure D. Moreover, / is bounded on D, because g is bounded on D, and 
p is bounded on bounded subsets of C". It follows that 

(87.9) \f(t)\ < sup{|/(r)| : r £ C, Rer = 0, 1}, 
as in the previous section. This is the same as saying that 

(87.10) \p(v)\ < su P {|pO/(t))| : r G C, Rer = 0, 1}, 
which is exactly what we wanted, since g(r) £ E when Rer = 0,1. 



88 Completely circular sets, continued 

Let E be a nonempty bounded completely circular set in C", and let z £ C" 
be given. Suppose that z ^ 0, and let / be the set of j = l,...,n such that 
Zj ^ 0. Let a(I) — (a\(I), . . . ,a n (I)) be the multi-index defined by ctj(I) = 1 
when j £ I, and ctj(I) — otherwise. Thus z a ^ ^ 0, and if = for 

every w £ E, then z <j£ Pol(E). 

Let Ej be the set of w £ E such that Wj ^ when j £ I, and suppose 
from now on in this section that Ei ^ 0. Also let R/ be the set of real-valued 
functions on /, which is basically the same as R ( , where I is the number of 
elements of /. Thus log|wj|, j £ I, determines an element of R 7 for each 
w £ Ei, and we let Ai be the subset of H 1 corresponding to elements of Ei in 
this way. If r £ R 7 , t £ Ai, and 

(88.1) rj < tj 

for each j £ I, then r £ Ai, because E is completely circular. 
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Let £ be the element of R/ given by Q — log \ zj | for j G /, and suppose that 
( is not an element of the closure of the convex hull of Aj in R/ . This implies 
that there is a linear function A on R/ such that 

(88.2) sup A(r) < A(C). 

reAj 

More precisely, A(r) can be given as 

(88.3) \(r)=J2^r J 

jei 

for some Aj G R, j G /, and every r G R J . If Xj < for some j G /, then 
there are r € Aj for which A(r) is arbitrarily large, because Ai is nonempty and 
satisfies the condition mentioned at the end of the previous paragraph. Thus 

(88.4) Xj > 

for each j G /, since A(r) is bounded from above for r G Aj. 
If z G Pol(.E), then 

(88.5) \z a \ < sup 

weE 

for every multi-index a. Let us restrict our attention to multi-indices a such 
that aj > 1 when j G I and ay = otherwise, so that w a = when w G E\Ej. 
In this case, the previous inequality reduces to 

(88.6) a J lo § M ^ SU P H a J log l w J I ' 

jei weE ' jei 

Equivalently, 

(88.7) a J < SU P X! Q J ''' ' 

jei reA ' jei 

This inequality holds for arbitrary positive integers aj, j G /, and hence for 
arbitrary positive rational numbers aj, by dividing both sides by a positive 
integer. It follows that this inequality also holds for arbitrary nonnegative real 
numbers, by approximation. This uses the hypothesis that E be bounded, so 
that rj has an upper bound for each j G / and r G Aj, and more precisely one 
should approximate nonnegative real numbers aj by positive rational numbers 
a'j such that aj < a'- for each j. Combining this with the discussion in the 
previous paragraph, we get that ( is in the closure of the convex hull of Aj in 
R J when z G Yo\{E). 



89 The torus action 

Let T™ be the set of t = [t\, . . . , t n ) G C™ such that \tj\ = 1 for each j, as usual. 
If i G T™ and z G C™, then put 

(89.1) T t (z) = {t lZl ,...,t n z n ), 
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so that T t is an invertible linear transformation on C n for each t £ T™. Note 
that T™ is a commutative group with respect to coordinatewise multiplication, 
and that t h- > T{ is a homomorphism from T™ into the group of invertible linear 
transformations on C". Suppose that E is a nonempty subset of C n such that 

(89.2) T t (E) C E 
for every t £ T". This implies that 

(89.3) T t (E)=E 

for each t £ T n , because Tf 1 (E) = T t -i(E) C £, where i" 1 = (tf 1 . . . ^i" 1 ). 
Suppose that z £ Pol(-E'), so that 

(89.4) \p(z)\ < sup \p(w)\ 

for every polynomial p on C™. If pt(w) = p(T t (w)), then p t is also a polynomial 
on C" for each t £ T n , and hence 

(89.5) |p t (z)| < sup \p t (w)\. 
We also have that 

(89.6) sup \p t (w)\ = sup \p(w)\ 

w£E w£E 

for every t £ T n , because of (15931) . Thus 

(89.7) |p(T t (z))| = | Pt (z)| < sup \ Pt (w)\ = sup |p(«;)| 

for every polynomial p on C™ and t € T™, which implies that T t (z) £ Pol(-B) 
for every t £ T n . This shows that T t {Yo\(E)) C PoKE 1 ) for every f G T", and 
hence T t (Pol(E)) = Pol(E) for every t £ T™, as before. 

Let C/™ be the open unit polydisk in C", consisting of u £ C" such that 
\uj \ < 1 for each j. If p is a polynomial on C", u £ U n , and w £ C n , then 

(89.8) \p(uiwi,...,u n w n )\ < sup |p(tiwi,...,t„w„)| 

tGT" 

More precisely, we can think of p(u± w\, . . . ,u n w n ) as a polynomial in u for 
each w £ C", and apply the maximum principle as in Section [80] If z £ Pol(i?) 
and u £ U n , then we get that 

(89.9) \p(uizi,...,u n z n )\ < sup \pt{z)\ < sup \p(w)\ 

tGT™ weE 

for every polynomial p on C™, where the second step is as in the previous 
paragraph. Thus 

(89.10) (u lZl ,...,u n z n ) £Po\(E) 

for every z £ Pol(E) and u £ U n , and it follows that Pol(-E) is completely 
circular in this case. 
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90 Another condition 

Let £ be a nonempty completely circular closed set in C™ such that 

(90.1) E* = {w e E : Wj ± for each j} 

is dense in E. This happens when E is the closure of a nonempty completely 
circular open set in C™, for instance. Put 

(90.2) A — {y £ R" : yj = log \ujj\ for some w £ E* and each j}. 
so that 

(90.3) E* = {w £ C" :wj^0 for each j, and (log K|, . . . , log |iu n |) £ A}, 

because E is completely circular. Thus E — E* is uniquely determined by A 
under these conditions. If x £ R n , y £ A, and 

(90.4) Xj < y 3 

for each j, then we also have that x £ A, since E is completely circular. 

Let / be a nonempty subset of {1, . . . , n}, and let R 1 be the set of real- 
valued functions on /, as before. There is a natural projection from R n onto 
R 7 , in which one keeps the coordinates corresoponding to j £ I and drops the 
others. Let Ei be the set of w £ E such that Wj ^ when j £ I, and let Aj 
be the subset of H 1 whose elements correspond to log \wj\, j £ I, with w £ Ej. 
Observe that 

(90.5) 717(A) Ci/C it i {A), 

because E* C E] and E* is dense in E. 
If z £ Po\(E), then 

(90.6) \z a \ < sup \w a \ 



wEE 



for every multi-index a. Moreover, 



(90.7) sup \w a \ = sup \w a \, 

weE* wEE 

since E* is dense in E. Hence 

(90.8) sup \w a \ = sup \w a \ 

wEEj wEE 

for any I C {1, . . , , n}, because Ei C E* C E. Of course, (|90.8|) is trivial when 
aj > 1 for each j £ I, so that w a — when w £ E\Ei. 

Let us consider some examples in C 2 where E* is not dense in E. If 

(90.9) £ = (Cx{0})U({0}xC), 

then E is closed and completely circular, and E* = 0. Equivalently, 

(90.10) E={z={z u z 2 ) £C 2 :z lZ2 = 0}, 
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and it is easy to see that Po\(E) = E in this case. 
Put 

(90.11) D(r) = {C G C : |C| < r} 
for each r > 0, and consider 

(90.12) E = (£>(n) x {0}) U ({0} x D{r 2 )) 

for some r\,r 2 > 0. Thus E is closed and completely circular again, E* = 0, 
and E is also bounded in this case. One can check that Po\(E) = E as well, 
using the polynomials pi(w) — wi, p 2 (w) = w 2 , and p{w) — w\ w 2 . 
If < r < R and 

(90.13) E(r, R) = (D(r) x C) U (D(R) x {0}), 
then E(r, R) is closed and completely circular, and 

(90.14) E(r, R)* = D{r) x C. 

If p is a polynomial on C that is bounded on E(r, R), then p{w ll w 2 ) is bounded 
as a polynomial in w 2 for each w\ G D(r). This implies that p(wi,w 2 ) is 
constant in w 2 for each W\ G D{r), and hence for every toi G C. Thus p(u>i, w 2 ) 
reduces to a polynomial in w\ , and one can use this to show that the polynomial 
hull of E(r, R) is equal to D(R) x C. 
Put 

(90.15) E(r) = (D(r) x C) U (C x {0}) 

for r > 0, which is the analogue of E(r, R) with R = +oo. As before, E(r) is 
closed and completely circular, and 

(90.16) E(r)* = D(r) x {0}. 

If p is a polynomial on C 2 that is bounded on E(r), then p is constant, as in 
the previous paragraph, so that Po\(E(r)) = C 2 . 
Of course, 

(90.17) E = D(r) x C 

is closed and completely circular for each r > 0, and satisfies E* = E. It is also 
easy to see that Po\(E) = E in this case, using the polynomial p(w) — w\. 
If n, r2, R > and n < i?, then put 

(90.18) E(r u r 2 ,R) = (D(n) x D(r 2 )) U (£>(#) x {0}). 
Thus E(n,r 2 ,R) is closed, bounded, and completely circular, and 

(90.19) £7(n,r2,fl)* = D(n) x £)(r 2 ). 

If z = (zi,z 2 ) G Pol(£ : (ri, r 2 , R)), then it is easy to see that \z\\ < R and 
\z 2 \ < r 2 , using the polynomials pi(w) = w\ and p 2 (w) = w 2 . If z 2 ^ 0, then 
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one can show that \z\\ < r\, using the polynomials q n (w) — iu™ w 2 for each 
positive integer n. More precisely, 

(90.20) \q n (z)\ < sup{\q n (w)\ : w £ E(r u r 2 ,R)} 
implies that \zi\ n \z 2 \ < r\ r 2 for each n, and hence that 

(90.21) \zi\\z2\ 1/n <nrl /n . 

II z 2 ^ 0, then we can take the limit as n — > oo to get that \zi \ < r±, as desired. 
Thus z £ E(ri,r 2 , R), which implies that the polynomial hull of E(r\, r 2 , R) is 
itself. 

If E is a closed bi-disk 

(90.22) £>(n) x D{r 2 ) 

for some r\, r 2 > 0, then E is completely circular, E* = E, and Po\(E) = E. If 
E is the union of two closed bi-disks 

(90.23) (£>(n) x D(r 2 )) U (D(t x ) x £>(t 2 )) 

for some ri,r 2 ,ti,t 2 > 0, then £^ is completely circular and E* = E again. 
Of course, this reduces to the single bi-disk D{t\) x D(t 2 ) when n < t\ and 
^2 < ^2, and to D(ri)xD(r 2 ) when ii < n and ^2 < r 2 . Otherwise, E ^ Pol(£'), 
because E is not multiplicatively convex. Note that all of the other examples 
mentioned in this section are multiplicatively convex. 



91 Multiplicative convexity 

Suppose that E C C™ has the property that 
(91.1) (t lZl ,...,t n z n ) £E 

when z — (zi, ... , z„) 6 i?, < = (ti, . . . , £ n ) G C n , and |^ | = 1 for each j, so 
that t £ T™. Let us say that i? is multiplicatively convex if for each v,w £ E 
and a £ (0, 1), we have that u £ E whenever u £ C™ and 



(91.2) 



il— a 



for each j. Similarly, if E is completely circular and multiplicatively convex, 
then u £ E whenever 

(91.3) M<N a Kr- a 

for some v,w £ E, < a < 1, and each j. If E is completely circular and 
convex, then E is multiplicatively convex, because 

(91.4) i« 3 rK-r- a <oKi+(i-a)K-i 

when < a < 1, by the convexity of the exponential function. More precisely, if 
E is invariant under the usual action of T™, as in (191. 1|) . and E is also nonempty 
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and convex, then it is easy to see that G E. This implies that r z G E when 
z £ E and < r < 1, and hence that E is completely circular. We have also 
seen examples of sets that are completely circular and multiplicatively convex, 
but not convex. 

If E C C" is completely circular and Po\(E) — E, then E is multiplicatively 
convex, as in Section[S7J Conversely, if E is closed, bounded, completely circular, 
and multiplicatively convex, then Po\(E) = E. This basically follows from the 
discussion in Section[5Sl with a few extra details. The main point is that the sets 
Aj considered there are closed and convex in this case. The convexity of the Aj's 
corresponds exactly to the multiplicative convexity of E. To see that each Aj is 
closed, one can use the fact that E is closed, and that for each t/gi; there is a 
w = w(y) G E such that Wj > and log \wj | when j G /, and wj = when j /. 
This also uses the complete circularity of E, and otherwise there is a standard 
argument based on the compactness of E. Although the boundedness of E is 
not necessary for this step, it is important for the approximation argument in 
Section EHJ 

Note that the polynomial hull of a bounded set E C C™ is also bounded. 
More precisely, if |tu 3 '| < rj for some Vj > and each w G E, then \zj\ < rj for 
each z G Pol(E), as one can see by considering the polynomial Pj(w) — Wj. 

92 Coefficients 

Let 

(92.1) p(z)= a *z a 

\a\<N 

be a polynomial with complex coefficients on C", where the sum is taken over 
all multi-indices a with |a| < for some N. Thus 

(92.2) p(hz 1 ,...,t n z n )= a a t a z a 

\a\<N 

for each t G T™, and so 

(92.3) a z = -^-[ p(t 1 z 1 ,...,t n z n )t-P\dt\ 

{In) J T „ 

for every multi-index /3, as in Section [751 In particular, 

(92.4) \ap\\z \ < j^-- J Jp{tiz x ,...,t n z n )\\dt\ 

< sup \p(ti zi,...,t n z n )\. 

Let E be a nonempty subset of C™ which is completely circular, or at least 
invariant under the usual action of T". If p(z) is bounded on E, then it follows 
from the discussion in the previous pargraph that each term ap z@ in p{z) is 
bounded on E. Equivalcntly, the monomial z@ is bounded on E whenever its 
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coefficient ap in p(z) is not equal to 0. If E is unbounded, then it may be that 
z* 9 is not bounded on E for any nonzero multi-index /?. This implies that the 
only polynomials on C" that are bounded on E are constant, and hence that 
Pol(£) = C". 

As a nice family of examples in C n , consider 

(92.5) E(b) = {(*!, z 2 ) e C 2 : H 6 |z 2 | < 1}, 

where 6 is a positive real number. Thus E(b) is closed, completely circular, and 
multiplicatively convex for each b > 0, and 

(92.6) E(b)* = {(zi, z 2 ) £ C 2 : < |zr| 6 |z 2 | < 1} 

is dense in E(b) for each b as well, as in Section [90] If & is rational, so that 
b = fii/ $2 for some positive integers /3 2 , then 

(92.7) E{b) = {(z u z 2 ) e C 2 : |^|^ |z 2 |^ < 1} = {z G C 2 : \z' 3 \ < 1}, 

where /? = {^1,^2). In this case, it is easy to see that Pol(£'(6)) = E(b), using 
the polynomial p(z) = z@ . Otherwise, if b is irrational, then one can check 
that z^ is unbounded on E(b) for every nonzero multi-index /3, which implies 
that every nonconstant polynomial on C n is unbounded on E(b), as before, and 
hence that Po\(E(b)) = C 2 '. 

93 Polynomial convexity 

A set E C C n is said to be polynomially convex if Pol(_E) = E. Thus E has to 
be closed in this case, since the polynomial hull of any set is closed. Of course, 
E C Pol(-B) automatically, and so E is polynomially convex when Pol(-E') is 
contained in E. We have seen before that finite subsets of C™ are polynomially 
convex, as are compact convex sets. A closed, bounded, and completely circular 
set is polynomially convex if and only if it is multiplicatively convex, as in Section 
|9"T1 The polynomial hull of any set E C C" is polynomially convex, because 
Pol(Pol(£J)) = Pol(i?). If p is a polynomial on C™ and A; is a nonnegative real 
number, then it is easy to see that 

(93.1) E(p, k) = {ze C n : \p(z)\ < k} 

is polynomially convex. In particular, one can take k = 0, so that the zero set 
of any polynomial is polynomially convex. 

If E a , a e A, is any collection of subsets of C n , then 

(93.2) Pol( p| E^j C p| Yo\{E a ), 

a£A aeA 

because f] aeA E a C Ep for each (3 e A, so that Pol (^f] aeA E^ C Pol(£ , /3 ) for 
each /3 e A. If E a is polynomially convex for each aeA, then we get that 

(93.3) Pol( p| E a } C p| Pol(^ a ) = Pi Ea - 

aeA a£A aeA 
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This implies that C\ a eA is also polynomially convex, since it is automatically 
contained in its polynomial hull, as in the previous paragraph. The polynomial 
hull of any set E C C™ may be described as the intersection of all sets E(p, k) 
such that 

(93.4) E C E(p, k), 

where p is a polynomial on C™ and k is a nonnegative real number, as before. 
It follows that E is polynomially convex if and only if it can be expressed as the 
intersection of some collection of sets of the form E(p,k), since these sets are 
all polynomially convex, and the intersection of any collection of polynomially 
convex sets is also polynomially convex. 

Alternatively, to avoid technical problems with unbounded sets, one can 
expand the definition to say that a closed set E C C n is polynomially convex 
if for every compact set K C E we have that Vo\(K) C E. Of course, this still 
implies that Vo\(E) = E when E is compact. With this expanded definition, 
it is easy to see that every closed convex set in C™ is polynomially convex, for 
essentially the same reasons as before. Similarly, a closed completely circular 
set E C C n is polynomially convex in this expanded sense if and only if it is 
multiplicatively convex. 

94 Entire functions, revisited 

Let E be a nonempty subset of C™, and let Hol(.E) be the set of z £ C™ such 
that 

(94.1) \f(z)\ < sup |/M| 

for every complex-valued function / on C™ that can be expressed as 

(94.2) f(w) = Y,a a w a . 

a 

More precisely, the a a 's are supposed to be complex numbers, and the sum is 
taken over all multi-indices a and is supposed to be absolutely convergent for 
every w £ C". This includes the case of polynomials, for which a a = for all 
but finitely many a, and so 

(94.3) Rol(E) C Po\(E). 

If E is bounded, then / can be approximated uniformly on E by finite subsums 
of (|94.2[) . which are polynomials, and hence 

(94.4) Hol(.E) =Pol(E). 

If E is not bounded, then / may be unbounded on E, so that the supremum in 
(|94.1j) is +oo, and (|94.1|) holds vacuously. 
Of course, 

(94.5) E C Hol(.E) 
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automatically. If E\ C £ 2 , then 

(94.6) Hol(£i) C YLo\(E 2 ). 

Note that functions on C n expressed by absolutely summable power series are 
continuous, because of uniform convergence on compact sets, and continuity of 
polynomials. This implies that Hol(-E) is always a closed set in C™, and that 

(94.7) Hol(£) = Hol(.E). 

As in the case of polynomial hulls, one can check that 

(94.8) Hol(Hol(£)) = Hol(-E). 

Using exponential functions as in Section [55] one also gets that 



(94.9) Hol(£) C Con(-B). 

More precisely, this works for both bounded and unbounded sets E. 

If E is invariant under the torus action, as in Section[5§l then it is easy to see 
that Hol(i?) is too, as before. One can also use the maximum principle to show 
that Hol(i?) is completely circular in this before. One can use the three 

lines theorem to show that Hol(i?) is multiplicatively convex in this situation as 
well. However, there are many examples where E is closed, completely circular, 
and multiplicatively convex, but Ho^E 1 ) ^ E. This uses the same type of 
arguments as in Sections [90] and [92] and of course it is important that E be 
unbounded in these examples. 

If E a , a G A, is any collection of subsets of C™, then 

(94.10) Hol( p| £ a ) C p| Ro\(E a ), 

as in the previous section. If Hol(£ tt ) = E a for each a G A, then it follows that 

(94.11) Hol( p| = p| E a , 

as before. Let g(w) be a complex- valued function on C n that can be expressed 
by a power series that is absolutely summable for each w G C™, and put 

(94.12) E{g, k) = {we C n : \g(w)\ < k} 

for each nonnegative real number k. As in the previous section, it is easy to sec 
that 

(94.13) Kol(E(g, k)) = E(g, k). 

One can also check that Ho\(E) is the same as the intersection of all sets of the 
form E(g, k) such that E C E(g, k) for any E C C", as before. 
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95 Power series expansions 



Let R be a positive real number, and put 

(95.1) D{R) = {w e C : \w\ < R}, 

as before. Suppose that f(w) is a holomorphic function on D(R), which one can 
take to mean that f(w) is continuously-differentiable and satisfies the Cauchy- 
Riemann equations. Of course, it is well known that one can also start with 
significantly weaker regularity conditions on f. If \z\ < r < R, then Cauchy's 
integral formula implies that 

(95.2) /(z) = J_/ I^ldw. 

2m JdD(r) W-Z 

More precisely, this uses an oriented contour integral over the circle centered at 
with radius r, which is the boundary of the corresponding disk D{r). 

Let us briefly review the standard argument for obtaining a power series 
expansion for f(z) from (|95.2j) . If \z\ < r — \w\, then 

1 1 °° 

(95.3) — = — - — -- = w - 1 y>- j v, 

w — z w 1 — w~ L z) L — ' 

where the series on the right is an absolutely convergent geometric series under 
these conditions. The partial sums of this series also converge uniformly as a 
function of w on dD{r) for each z £ D(r), by Weierstrass' M-test. This permits 
us to interchange the order of summation and integration in (|95.2[) , to get that 

oo 

(95.4) /(*)=5>M 

j=o 

where \z\ < r < R and 

(95.5) aj = J— I f(w) w-i- 1 dw 



2^ JdD(r) 

for each j > 0. 

Although this expression for a,j implicitly depends on r, different choices 
of r < R lead to the same value of aj. This is an immediate consequence of 
Cauchy's theorem, and one can also observe that aj is equal to times the 
jth derivative of / at 0, which obviously does not depend on r. Alternatively, 
once one has this power series expansion for / on D(r), one can use it to evaluate 
integrals of / over circles of radius less than r. In particular, the coefficients of 
the power series are given by the corresponding integrals over circles of radius 
less than r, because of the usual orthogonality properties of the w J 's with respect 
to integration over the unit circle. This also uses the fact that the partial sums of 
the power series converge uniformly on compact subsets of D(r), to interchange 
the order of integration and summation. 
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Note that 

(95.6) MZ^f^fMUM 

for each j, where the integral is now taken with respect to the element of arc 
length \dw\. In particular, 

(95.7) \ aj \ <r~i ( sup |/(«;)|). 

\w\—r 

This works for each r < R, since aj does not depend on r, as in the previous 
paragraph. 

96 Power series expansions, continued 

Let n be a positive integer, and let R = (R\, . . . , R n ) be an n-tuple of positive 
real numbers. Also let 

(96.1) D n (R) = D(Ri) x ■■■ x D{R n ) 

be the corresponding polydisk in C". To say that a complex- valued function 
f(w) on D(R) is holomorphic, we mean that f(w) is continuously-diffcrentiable 
on D n (R) and holomorphic as a function of Wj for each j, which is to say that 
f(w) satisfies the Cauchy-Riemann equations as a function of wj for each j. 
As in the one-variable case, one can start with weaker regularity conditions on 
/, but we shall not pursue this here. One might at least note that it would be 
sufficient in this section to ask that / be continuous on D n (R) and holomorphic 
in each variable separately. 

If z G D(R) and \z\ \ < r\ < R\, then we can apply Cauchy's integral formula 
to f{w) as a holomorphic function of w± to get that 

ma --A ft \ 1 I f(wi,z 2 ,...,z n ) 

(96.2) f(z) = — <b dw u 

2tt« JdD( ri ) w i - z i 

as in the previous section. Repeating the process, if \zj\ < rj < Rj for each j, 
then we get that 



/ ■ 


■i /H( 


JdD(n) 


JdD(r n ) X 



which is an n-dimensional version of Cauchy's integral formula. 

Let us pause for a moment to consider "multiple geometric series" . If C € C" 
and < 1 for each j, then 

n n oo 

06.4) n( i -or i =n(E<;o=5:< a . 

j=l j = l l } =0 a 
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where the last sum is taken over all multi-indices a, and ( a — C" 1 ■ • • C"™ is the 
usual monomial. All of these sums converge absolutely under these conditions. 
If \zj\ < rj — \wj\ for each j, then 

n n 

(96.5) Y[( Wj - Zj y 1 = J] wj 1 (1 - wj 1 z,)- 1 = ]T w-*" 1 z a , 

3=1 3=1 a 



-Qi —1 

: w — W 1 ■ ■ ■ W 



. As usual, this sum is absolutely convergent 
under these conditions, and is uniformly approximated by finite subsums as a 
function of w on dD(ri) x • • • x dD{r n ) for each z € D n (r), r — (n, . . . , r n ). 
If rj < Rj for each j, then put 

(96.6) a a = 1 / •••<* f(w)w~ a ~ 1 dw 1 ---dw n 
(2m) n J dD{ri) JdD(r n ) 

for each multi- index a. Thus 



(96.7) | aQ |<^^/ .../ \f(w)\\dw 1 \---\dw n \, 

( 27r ) JdD{n) JdD(r n ) 

where is as in the previous paragraph, and hence 

(96.8) \a a \ <r- Q sup{|/H| : 1^1=^ for j = 1, . . . , n} 
for each a. 

If \zj\ < rj < Rj for each j, then we get that 

(96.9) /(z) = ^a Q z Q . 

a 

More precisely, it is easy to see that the sum on the right converges absolutely 
under these conditions, by comparison with a convergent multiple geometric 
series. To get (|96.9p . one can plug (|96.5p into (|96.3|) . and interchange the order 
of summation and integration. This uses the fact that the sum in (|96.5|) can be 
approximated uniformly by finite subsums for w E dD(ri) x • • • x dD(r n ). 

As in the previous section, the coefficients a a do not depend on the choice 
of r = (ri, . . . , r n ), as long as < rj < Rj for each j. Thus (|96 .9[) holds on all 
of D n (R), with absolute convergence of the sum for every z £ D n (R). 



97 Holomorphic functions, revisited 

Let us say that a complex-valued function f(z) on a nonempty open set U in 
C" is holomorphic if it is continuously-differentiable in the real-variable sense 
and holomorphic in each variable separately. As in the previous section, this 
implies that / can be represented by an absolutely convergent power series on a 
neighborhood of any point in U. In particular, / is automatically continuously- 
differentiable of all orders on U. This would also work if we only asked that / 
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be continuous on U and holomorphic in each variable separately, but we shall 
not try to deal with weaker regularity conditions here. 

Let C(U) be the algebra of continuous complex- valued functions on U, and 
let H(U) be the subspace of C(U) consisting of holomorphic functions. More 
precisely, H(U) is a subalgebra of C(U), because the sum and product of two 
holomorphic functions on U are also holomorphic. Remember that there is also 
a natural topology on C(U), defined by the supremum seminorms associated to 
nonempty compact subsets of U. As in the one- variable case, one can check that 
71(11) is closed in C(U) with respect to this topology, using the n-dimensional 
version of the Cauchy integral formula. 

Let / be a holomorhic function on U, and let Uq be the set of p E U such 
that / = at every point in a neighborhood of p, so that Uo is an open set in U, 
by construction. If Z is the set of p € U such that / and all of its derivatives are 
equal to at p, then Z is relatively closed in U, because / and its derivatives 
are continuous on U. Clearly Uq C Z, and Z C Uo because of the local power 
series representation of / at each point in U. Thus Uo = Z is both open and 
relatively closed in U. It follows that Uo = U when Uo ^ and U is connected. 

Suppose that h is a continuous complex- valued function on a closed disk in 
the complex plane which is holomorphic in the interior and not equal to at any 
point on the boundary. Let a be the number of points in the interior at which 
h is equal to 0, counted with their appropriate multiplicity. The argument 
principle implies that a is the same as the winding number of the boundary 
values of h around in the range. This winding number is not changed by small 
perturbations of h on the boundary with respect to the supremum norm, and 
hence a is not changed by small perturbations of h as a continuous function 
on the closed disk which is holomorphic in the interior with respect to the 
supremum norm. This implies that a holomorphic function / in n > 2 complex 
variables cannot have isolated zeros, by considering / as a continuous family of 
holomorphic functions in one variable parameterized by the other n— 1 variables. 

98 Laurent expansions 

Let R, T be nonnegative real numbers with R < T, and let 



be the open annulus in the complex plane with inner radius R and outer radius 
T. If f(w) is a holomorphic function on A(R, T) and i?<r<|z|<i<T, then 
Cauchy's integral formula implies that 



The boundary of A(r, t) consists of the circles centered at with radii r, t and 
opposite orientations, and the integral over dA(r, t) may be re-expressed as 



(98.1) 



A(R,T) = {z eC : R<\w\ <T} 



(98.2) 




(98.3) 
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where these circles have their usual positive orientations in both integrals. 
As in Section [95l 

(98.4) -L 1 ^-dw = f"a j z j ) 



where 

(98.5) aj = —I f{w)w- 3 - 1 dw. 

2tti J\ w \ =t 

Note that 

(98.6) \a 3 \ < ^j+t^ Jf(w)\\dw\<t-j( S upJf(w)\) 

for each j > 0, so that 2fc=o a j z3 converges absolutely when \z\ < t. 

The other term is a bit different, because \z\ > \w\ = r. This time we use 



-1 1 ^ 

- 1 -7 7 



(98.7) = — -r^=z~ 1 Y l 

W — Z 2 1 — Z 1 7X1 ^ — ' 

V 1 3=0 

to get that 

(98.8) -—.I dw=Y *i 

2tti J\ w \ =r w- z 

where 

(98.9) aj = — I /(to) w- j - 1 dw 

2tti J\ w \ =r 

for j < -1. Thus 

(98.10) | 0j -| < — ^ / |/H| |dw| < r" J '( sup |/H|) 

for each j < — 1, so that 53j=-i a i z ' 7 converges absolutely when |z| > 
Combining these two series, we get that 



(98.11) f(z)= £ 



a,- z 

] = -co 



when r < \z\ < t, where the coefficients aj are given as above for j > and 
j < —1, respectively. As in Section |95l these coefficients do not actually depend 
on the choices of radii r, t € (R, T). 
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99 Laurent expansions, continued 



Let R, T be nonnegative real numbers with R < T, and let V be a nonempty 
open set in C n_1 for some n > 2. If z = (zi, Zi, ■ ■ • , 2«) S C™, then we put 
z' = (z 2 , . . . , z n ) 6 C" _1 , and identify z with (zi, z') e C x C™" 1 , so that 

(99.1) U = A{R, T) x V 

is identified with an open set in C n . 

Let / be a holomorphic function on U , and let z be an element of U, with 
r < \zi\ < t for some r, t € (R,T). Applying the discussion in the previous 
section to f(z\,z') as a function of Zi, we get that 

oo 

(99.2) f(zi,z)= V a 3 {z')z{ 



E 

J=— CO 



where 



1 



(99.3) a j (z') = —(b fiw,/)!!)- 3 - 1 dw 

2tti J lwl=t 

when j > 0, and 

(99.4) aj{z') = / f(w,z')w- s -' l dw 

when j < — 1. It follows from these expressions that Qj(z') is holomorphic as a 
function of z' on V for each j, because / is holomorphic. 

Suppose that V\ is a nonempty open subset of V, and that / is actually a 
holomorphic function on the open set 

(99.5) (A(R, T)xV)U (D(T) x Vi) 

in C™. Thus f(w, z') is holomorphic as a function of w on the open disk D{T) 
for each z 1 £ V\. This implies that 

(99.6) a 3 (z') = 

when z' £ Vi and j < — 1. If V is connected, then it follows that the same 
conclusion holds for every z' € V and j < — 1, because aj(z') is holomorphic as 
a function of z' on for each j. 

Under these conditions, we get that 

oo 

(99.7) f(z 1 ,z') = J2*3(z')4 

3=0 

for every z — (z\,z') in (|99 . 5|) . This series actually converges absolutely when 
\zi\ < T and z' 6 V, as one can see by choosing t such that \z±\ < t < T, 
and applying the estimate for |aj| in the previous section. Similarly, the partial 
sums of this series converge uniformly on compact subsets of D(T) x V. The 
partial sums are also holomorphic in z\ and z', and it follows that the series 
defines a holomorphic function on D(T) x V. Thus / extends to a holomorphic 
function on D(T) x V in this case. 
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100 Completely circular domains 



Let U be a nonempty complete circular open subset of C". If z G U , then there 
is an n-tuple R — (Ri, . . . , R n ) of positive real numbers such that 

(100.1) z G D n {R) C U, 

where D n (R) = D(Ri) x • • • x D(R n ) is the polydisk associated to R, as before. 
Thus U can be expressed as a union of open polydisks. 

As in Section let U* be the set of w G U such that Wj ^ for each j, and 
let A be the set of y 6 R" for which there is a w G U* such that yj = log |u>j| 
for each j. Note that A is an open set in R", and that for each z G U there is 
a w G J7* such that Zj| < |tOj|, because U is an open set in C". As before, if 
x G R™, y G A, and < yj for each j, then x G A, because J7 is completely 
circular. Similarly, if £ G C, i£i, and |zj| < exp^j for each j, then ( e [/. 
Conversely, for each ( S !7 there is an x G A with this property, so that [7 is 
completely determined by A under these conditions. 

Let / be a holomorphic function on U . If R is an n-tuple of positive real 
numbers such that D n (R) C U, then / can be represented by a power series on 
D n (R), as in Section [M] More precisely, there are complex numbers a a for each 
multi-index a such that 

(100.2) /(z) = ^a a z a 

a 

for each z G D n (R), where the sum converges absolutely. The coefficients a a 
can be given by the derivatives of / at in the usual way, since 

Q\a\ f 

(100.3) _^.( )=a!.a a> 

oz a 

where a! = a\\ ■ • ■ a n \. In particular, the coefficients a a do not depend on R, 
and so this power series representation for f(z) holds for every z G U. 

Remember that Con(^4) denotes the convex hull of A in R™, which is an open 
set in R" in this case, because A is open. Similarly, if x G R™, y G Con(A), and 
x j < Uj for each j, then x G Con(A), because of the corresponding property of 
A. Consider 

(100.4) V = {( G C" : there is an x G Con(A) such that 

10 1 < expxj for j = l,...,n}. 

It is easy to see that V is open, completely circular, and multiplicatively convex 
under these conditions. We also have that U C V, with U = V exactly when U is 
multiplicatively convex. As in Section [74j the set of z G C n for which ^ Q a Q z a 
is absolutely summable is completely circular and multiplicatively convex. It is 
not difficult to check that this happens for each z G V, so that / extends to a 
holomorphic function on V. 
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101 Convex sets 

Let A be a nonempty convex set in R n . As in Section [81] if x £ R"\^4, then 
there is a linear function A on R™ such that 

(101.1) supA(y) < \{x). 
More precisely, we can express A as 

n 

(101.2) A(j/)=^a J% 

j'=i 

for some a £ R™. Of course, a ^ 0, and we can normalize a so that 

(101.3) max \aj \ = 1, 

1< j<n 

by multiplying a by a positive real number. 

Suppose now that x £ 9 A, and let us show that there is a nonzero linear 
functional A on R™ such that 

(101.4) A(y) < \(x) 

for every y £ A. By hypothesis, there is a sequence {^(Olz^i °f elements of 
R ra \A that converges to x. As in the previous paragraph, for each I there is an 
a(l) £ R" such that 

(101.5) max | 0i (i)| = 1 
and Xi(y) — J2]=i a j(0 Uj satisfies 

(101.6) sup Xi(y) <Xi(x(l)). 

Passing to a subsequence if necessary, we may suppose that {a(£)}£i converges 
to some a G R™, which also satisfies (|101.3j) . If A is the linear functional on R" 
corresponding to a as before, then it is easy to see that A satisfies (|101 .4|) . as 
desired. 

If in addition A is an open set in R n , then we get that 

(101.7) X(y) < X(x) 

for every y G A. Otherwise, if X(y) — X(x) for some y £ A, then one can use 
the facts that A is open and A =/= to get that X(z) > X(x) for some z £ A. 

As another special case, suppose that A has the property that for each 
u £ R™ and y £ A with Uj < yj for each j we have that u £ A too. If 
•My) = T?j=i a 3 Vi satisfies (I101.4|) . then a,j > for each j. 
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102 Completely circular domains, continued 



Let U be a nonempty open subset of C™ that is also completely circular and 
multiplicatively convex, and let w be an element of the boundary of U. Note 
that i»/0, because G U. Let / be the set of j = 1, . . . , n such that Wj ^ 0, 
and let Ui be the set of z G U such that Zj ^ when j G I. Also let R 7 be the 
set of real-valued functions on /, and let A] be the set of elements of R 7 of the 
form log \zj\, j G /, with z G Uj. If u G R 7 , v G Ai, and Uj < u; for each j G /, 
then u G Aj too, because {/ is completely circular. It is easy to see that Aj is 
open and convex in R 7 , because U is open and multiplicatively convex. One 
can also check that log \v)j\, j G /, corresponds to an element of the boundary 
of Aj in R 7 under these conditions. 

As in the previous section, there is an a G R 7 such that aj > for each 
j G I, maxjg/ aj = 1, and 

(102.1) a i v 3 < S a J log \ w i I 

for each v G A/. If j G / and Z is a positive integer, then let aj(l) be the smallest 
positive integer such that 

(102.2) aj l<aj(l). 

Put ot.j(i) = when j $jL I, so that a(l) = (ai(l), . . . , a n (l)) is a multi-index for 
each positive integer. By construction, a JO = 1 for some jo G J, which implies 
that aj (l) = I for each I. In particular, the multi-indices a(l) are all distinct. 
Consider 

oo 

(102.3) f w (z) = J2 w ~ a{l) za{l) - 

i=i 

This is a power series in z, with coefficients w~ a ^ = Y\, jeI w- a]lyl \ and we 
would like to show that it converges absolutely when z G U. If z G U\Ui, so 
that Zj = for some j G /, then z a ^ = for each I, because atj{l) > 1 for every 
j G J and I > 1 by construction. Thus we may as well suppose that z G Uj, so 
that log |zj |, j G J, determines an element of Aj, and hence 

(102.4) J2 a i 1 °s\ z j\ < S«j logKi 
Equivalently, 

(102.5) II II « 

jei jei 

Observe that 

(102.6) < aj(l) - ajl < 1 

for each j £ I and I > 1. Remember that Qj(Z) is the smallest positive integer 
greater than or equal to aj I, so that aj(l) — dj I > in particular. If Oj > 0, 
then ctj(l) — dj < 1 for each Z. Otherwise, if aj = 0, then aj(l) = 1 for each I. 
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Of course, 

(102.7) \ w -«(i)\\ z «(i)\ = y\(h\y Al \ 

Using the observation in the previous paragraph, we get that 

Qj (l)—Clj I 



< c 



\ Z 3 



< io2 ' 8 > n ©)' 

for some C > 0, where C depends on u> and z but not I. Hence 

(102.9) \w~ a{l) \ \z a ^\ < C ]J ' ' 

for each I. 

Equivalently, 

(102.10) \w- a ^\ \z a ^\ < C(T[ 

jei 1 ~ J 1 

for each I. Note that the quantity in parentheses on the right side is strictly 
less than 1 , by (|102.5I) . It follows that the series in (|102.3I) converges absolutely 
when z G Ui, by comparison with a convergent geometric series, as desired. 

Thus f w {z) defines a holomorphic function of z on [/. If z = w, then the 
series in (I102.3P does not converge, because every term in the series is equal to 
1 . It is easy to see that tw S U when t is a nonnegative real number strictly 
less than 1, because w £ dU and U is completely circular. In this case, 

oo 

(102.11) f w (tw) =5> |a(01 . 

i=l 

which tends to +oo as t — > 1. It follows that f w (z) does not have a holomorphic 
extension to a neighborhood of w, since it is not even bounded on U near w. 



103 Convex domains 

Let U be a nonempty convex open set in C™, and let w be an element of the 
boundary of U. As in Section flOli there is a complex-linear function /i on C" 
such that 

(103.1) Refj,(z) <Refi(w) 
for every z £ U . In particular, 

(103.2) fi(z) ^ n(w) 
for every z £ U . It follows that 

(103.3) g w (z) - 1 

is a holomorphic function on C7 that is unbounded on the intersection of U with 
any neighborhood of w, and hence does not have a holomorphic extension to 
the union of U with any neighborhood of w. 
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104 Planar domains 



Let U be a nonempty open set in the complex plane, and let w be an element 
of the boundary of U. Observe that 

(104.1) h w {z) = — !— 

z — w 

is a holomorphic function on U that is unbounded on the intersection of U with 
any neighborhood of w, and hence cannot be extended to a holomorphic function 
on the union of U with any neighborhood of w. In particular, holomorphic 
functions in one complex variable can have isolated zeros, and thus isolated 
singularities. We have seen before that holomorphic functions in two or more 
complex variables cannot have isolated zeros, and they also cannot have isolated 
singularities, by the earlier discussion about Laurent expansions. 



Part IV 

Convolution 

105 Convolution on T n 

Let f,gbe continuous complex- valued functions on the n-dimensional torus 
T™ . The convolution f * g is the function defined on T" by 

(105.1) (/ * g)(z) = -±_ f(z o w-^giw) \dw\. 

As before, \dw\ is the n-dimensional element of integration on T™ corresponding 
to the element \dwj | of arc length in each variable. Alternatively, \dw\ represents 
the appropriate version of Lebesgue measure on T™. If z = (z\,... , z n ) and 
w = (wi, . . . , w n ) are elements of T n , then we put 

(105.2) w- 1 = (w?,...,w- 1 ) 
and 

(105.3) z o w = (z\ Wi, . . . , z„ w n ), 

so that z o w^ 1 is also defined. 

It is easy to see that / * g is also a continuous function on T" when /, g 
are continuous, using the fact that continuous functions on T™ are uniformly 
continuous, since T" is compact. Observe that 

(105.4) f*g = g*f, 

as one can see using the change of variables w i-> w^ 1 o z in (|105.1j) . More 
precisely, this also uses the fact that the measure on T" is invariant under the 
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mappings w i-> w 1 and u; i-> it O w for each u G T™. Similarly, one can check 
that 

(105.5) (/ * g) * h = f * (g * h) 

for all continuous functions f,g, and h on T". 

If a = (a±, . . . , a n ) is an n- tuple of integers, then the corresponding Fourier 
coefficient of a continuous function / on T™ is defined as usual by 

(105.6) f(a) = — ^ J f(z)z- a \dz\. 
It is easy to check that 

(105.7) (fTg)(a) = f(a)g(a) 

for all continuous functions f,gon T" and a G Z™. More precisely, if we 
substitute the definition of / * g into the definition of the Fourier coefficient, 
then we get a double integral in z and w. This double integral can be evaluated 
by integrating in z first, using the change of variables z z o w and the fact 
that 

(105.8) (zoioP = z~ a w- a 

for all z,w £ T™ and a G Z™. The double integral then splits into a product of 
integrals over z and w separately, which leads to (|105.7[) . 

Note that the convolution f*g can be defined as before when / is continuous 
on T™ and g is Lebesgue integrable, and satisfies 

(105.9) sup |(/ * g)(z)\ < ( sup |/(z)|) [ \g(w)\ \dw\) . 

In this case, it is easy to see that / * g is still continuous, because / is uniformly 
continuous on T™. Of course, the analogous statements also hold when the roles 
of / and g are reversed, because convolution is commutative. If / is bounded 
and measurable on T" and g is integrable, then the convolution (/ * g)(z) 
can be defined in the same way for each z G T™, and satisfies (1105.9j) . The 
convolution / * g is actually continuous in this case as well, as one can show by 
approximating g by continuous functions with respect to the L 1 norm on T™, so 
that / * g is approximated uniformly by continuous functions on T™ by (|105.9| 
and the previous remarks. 

Suppose that /, g are nonnegative real- valued integrable functions on T". 
In this case, 

(105 - 10) lirf L, U " 9){z)m = 

To see this, one can substitute the definition of (/ * g){z) into the integral on 
the left, which leads to a double integral in w and z. One can then interchange 
the order of integration and use the change of variable z^zoioto split the 
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double integral into a product of integrals in z and w, as before. In particular, 
it follows that (/ * g)(z) is finite for almost every z G T n . 

Now let /, g be integrable complex- valued functions on T™. Observe that 

(105.11) J Ifizow- 1 )] \g(w)\ \dw\ < oo 

for almost every z G T™, by the argument in the previous paragraph applied to 
|/|, \g\. Thus (/ * g){z) is defined for almost every z G T n , and satisfies 

(105.12) |(/ * g)(z)\ < — ^- J \f(z o w~ x )\ \g(w)\ dw. 

Using Fubini's theorem, one may conclude that / * g is an integrable function 
on T", and that 

(105.13) 1^J(/* 0)^)1 |«fe|< 

((2^/ T J /(z)ll ^((^/ T j^)iH. 

One can also check that convolution is commutative and associative on L 1 (T n ), 
as before. 

If / is an integrable function on T™, then the Fourier coefficients fia) can 
be defined in the usual way, and satisfy 

(105.14) \f(a)\ < -JL-J \f( z )\\ dz \ 

for each a G Z". If / and g are integrable functions on T", so that their 
convolution / * g is also integrable, as in the preceding paragraph, then the 
Fourier coefficients of / * g are equal to the product of the Fourier coefficients 
of / and <7, as in (|105.7I) . This follows from Fubini's theorem, as before. 

106 Convolution on R" 

Let / and g be nonnegative real- valued integrable functions on R", and put 

(106.1) (f*g)(x)= I f(x-y)g(y)dy, 

where dy denotes Lebesgue measure on R™, as usual. It is easy to see that 

(106.2) J ^ (/ * g){x) dx =(f Rn f(?) dx ) ( f Rn 9(y) dy) , 

by interchanging the order of integration and using the change of variables 
x h-> x + y, as in the previous section. Thus / * g is integrable on R™ under 
these conditions, and finite almost everywhere on R™ in particular. 
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If / and g are arbitrary real or complex- valued integrable functions on R™, 
then it follows that 

(106.3) / \f(x-y)\\g(y)\dy<oo 

JR™ 

for almost every x 6 R™, by applying the preceding argument to |/| and \g\. 
This shows that the definition (1106. ip of (/ * g)(x) also makes sense in this case 
for almost every x £ R 71 , and satisfies 

(106.4) \(f*9)(x)\ < [ \f(x-y)\\g(y)\dy. 

One can also check that f*g is measurable, using Fubini's theorem. Integrating 
in x as before, we get that 

(106.5) J ^ \{f*g){x)\dx < (J \f(x)\dx)(J \g(y)\dy), 

and that / * g is integrable in particular. 

As in the previous section, it is easy to see that 

(106.6) f*g = g*f, 

using the change of variables y h- > x — y. Similarly, one can verify that 

(106.7) (f* g )*h = f*(g*h) 

for any integrable functions /, g, and h on R". 

If / is an integrable function on R™ and g is bounded and measurable, then 
the convolution f * g can be defined using (|106.1|) as before, and satisfies 

(106.8) sup \(f*g)(x)\ < ( f \f(x)\dx)( sup \g(y)\). 

One can also check that / * g is uniformly continuous under these conditions, 
as follows. If / is a continuous function on R" with compact support, then / 
is uniformly continuous, and it is easy to see that / * g is uniformly continuous 
directly from the definitions. Otherwise, if / is any integrable function on R", 
then it is well known that / can be approximated by continuous functions on 
R™ with compact support in the L 1 norm. This implies that f * g can be 
approximated by uniformly continuous functions on R n with respect to the 
supremum norm, and hence that / * g is uniformly continuous as well. 

107 The Fourier transform 

If / is an integrable complex- valued function on R" , then the Fourier transform 
f of / is defined by 

(107.1) 7(0= [ fix) exp(-i£-x)dx. 
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Here £ E R n , and £ • x is the usual dot product, given by 
(107.2) 

3=1 

Also, exp(— z£ • x) refers to the complex exponential function, which satisifics 
|exp(it)| = 1 for every t £ R. Thus the integrand in (|107.1[) is an integrable 
function, and 



(107.3) |/(0| < / \f(x)\dx 
for every £ G R™ . 

Let R be a positive real number, and put /r(x) = f(x) when |x| < R and 
f R (x) = when \x\ > R. Thus 

(107.4) Tr(0= [ f(x)exp(-i£-x)dx, 

J\x\<R 

and 

(107.5) \m-M)\ < I \f{x)\dx 

J\x\>R 

for every £ G R" and R > 0. In particular, /r — >• / uniformly on R" as i? — » oo. 
It is easy to see that is uniformly continuous on R™ for each R > 0, using 

the fact that exp(ii) is uniformly continuous on the real line. It follows that /(£) 
is also uniformly continuous on R", since it is the uniform limit of uniformly 
continuous functions on R". 

Now let f, g be integrable functions on the real line, so that their convolution 
/ * g is also integrable, as in the previous section. The Fourier transform of / * g 
is given by 



(107.6) (/*<?)(0 = / (f*g)(x)exp(-it-x)dx 

= / / f(x-y)g(y) exp(-i£-x)dydx. 

JR" JR" 

This is the same as 



(107.7) / / f(x)g(y)exp(-i^-(x + y))dxdy, 

JR" JR» 

by interchanging the order of integration and using the change of variables 
x n> x + y. Because exp(i(r + t)) = exp(ir) exp(ii) for every r,t G R, this 
double integral reduces to 

(107.8) (f f(x)exp(-it'x)dx)([ g(y) exp(-i£ • y) dy) . 
Thus 

(107.9) (/*<?)(£) = /(0?(0 
for every £ G R™. 
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108 Holomorphic extensions 

Let X 1 (R") be the space of Lebesgue integrable functions on R n equipped with 
the L 1 norm 

(108.1) 11/11!= / \f(x)\dx, 

as usual. Let us say that / 6 L 1 (R n ) has support contained in a closed set 
E C R" if f(x) = almost everywhere on TL n \E. The space Lj om (R") of 
/ G L 1 (R") with compact support is a dense linear subspace of L 1 (R") which 
is closed under convolution, in the sense that f *g £ Lj om (R") for every /, g in 
Lj om (R n ). If / £ Lj om (R n ) is supported in a compact set K, then the Fourier 
transform /(£) extends to a holomorphic function /(C) on C™, given by 



(108.2) /(C) = / f{x) exp(-i(-x)dx. 

JK 

Here C £ C™ may be expressed as £ + ir/, with £, 77 S R™, and 

n 

(108.3) C-z = X)C*Zi> 

as before. Thus (|108.2|) reduces to (|107. 1|) when C = £ € R'\ and otherwise it is 
easy to check that /(C) is a holomorphic function on C", since the exponential 
function is holomorphic. In addition, 

(108.4) (/Ts)(C) = /(0?(C) 

for every f,g € Lj om (R n ) and C £ C n , for the same reasons as in the previous 
section. 

Let L^R) be the space of / £ i 1 (R) that are supported in [0, 00), and let 
L?_(R) be the space of / G ^ 1 (R) that are supported in (— 00, 0]. These are 
closed linear subspaces of i 1 (R) that are closed under convolution, in the sense 
that / * g £ L\ (R) when /, g £ L\{J\), and similarly for Ll(R). Let H+, 
H_ be the upper and lower open half-planes in the complex plane, consisting 
of complex numbers with positive and negative imaginary parts, respectively. 
Thus their closures H + , H_ are the upper and lower closed half-planes in C, 
consisting of complex numbers with imaginary part greater than or equal to 
and less than or equal to 0, respectively. If / £ L^(R), then 

/>oo />oo 

(108.5) /(C) = / f(x) exp(— i(x) dx = / f(x) exp(— i^x + 77 x) dx 

Jo Jo 

is defined for all C = £ + i Tj £ H _. In this case, r\ < 0, so that 

(108.6) exp(— i£x + rjx)\ = expire) < 1 

for every x > 0, and hence 

(108.7) |/(C)| < \\f\\i 
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for every £ 6 H_. As in the previous section, one can check that /(£) is 
uniformly continuous on This uses the fact that exp(— i(x) is uniformly 

continuous as a function of £ on H_ for each x > 0, and it is easier to first 
consider the case where / has compact support in [0, oo), and then get the same 
conclusion for any / g L+(R) by approximation. One can also check that f(() 
is holomorphic on H _ , using the holomorphicity of the exponential function and 
the integrability of the expressions in (|108.5[) . If /, g G Lt(R), then 

(108.8) (/^)(C)=/(C)?(C) 

for every £ G iZ"_, for the same reasons as before. In the same way, the Fourier 
transform of a function in L_(R) has a natural extension to a bounded uniformly 
continuous function on H + that is holomorphic on H+ , and with the analogous 
property for convolutions. 

Let e = (ei, . . . , e n ) be an n-tuple with ej G {1, —1} for each j, which is to 
say an element of {1, —1}™. Put 

(108.9) Q„, e = {x G R" : e/ > for j = 1, . . . , n}, 

which is the closed "quadrant" in R™ associated to e. Let L^(R n ) be the set 
of / G i 1 (R") which are supported in Q n , c . It is easy to see that L^(R n ) is a 
closed linear subspace of L 1 (R") that is closed with respect to convolution, as 
before. Consider 

(108.10) H n , e = {C = e + * V e C" : e 3 r h > for j = 1, . . . , n}, 

so that the closure H n € of i? Tli£ consists of the £ = £ + 77 G C" with G Q n ,e- 
If / G Ll(R n ), then 

(108.11) 7(C) = / f(x)exp(-iC-x)dx 

f(x) exp(— i£ ■ x + rj ■ x) dx 

is defined for every ( = £ + 77 G H n - e , where —e = (— ei, . . . , — e n ). In this case, 
77 • x < for every x G Q n ,e, so that 

(108.12) I exp(— i£ ■ x + 77 • x)\ = exp(i] ■ x) < 1, 

and hence |/(C)| < ll/lli f° r every C, G H n< - e . As before, one can check that /(£) 
is uniformly continuous on H n ^- e , and holomorphic on H n - t . If /, g G L^(R Tl ), 
then the extension of the Fourier transform of / * g to -ff n _ e is equal to the 
product of the extensions of the Fourier transforms of / and g to i?„,_ € , as 
usual. 
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109 The Riemann— Lebesgue lemma 



If a, b are real numbers with a < b, then the Fourier transform of the indicator 
function lu w of the interval [a, b] in the real line is equal to 



(109.1) 



/ exp(— i£,x) dx = z£ (cxp(— i£6) — exp(— it; a)) 

J a 



when £ ^ 0, and to b — a when £ = 0. In particular, this tends to as |£| — >■ oo. 
If / G L 1 (R), then the Ricmann-Lebesgue lemma states that 

(109.2) lim 7(0 = 0. 

This follows immediately from the remarks in the previous paragraph when / is 
a step function, which is to say a finite linear combination of indicator functions 
of intervals in the real line. Otherwise, any integrable function / on the real 
line can be approximated by step functions in the L 1 norm, which leads to an 
approximation of the Fourier transform / of / by Fourier transforms of step 
functions in the supremum norm, by (|107.3p . This permits one to derive (|109.2I) 
for / from the corresponding statement for step functions. 

This also works for integrable functions on R™. In this case, we can start 
with a rectangular box B in R", which is to say the Cartesian product of n 
intervals in the real line. The indicator function of B on R n is the same as 
the product of the n indicator functions of the corresponding intervals in R, as 
functions of x±, . . . ,x n . Thus the Fourier transform of the indicator function 
of B is the same as the product of the n one-dimensional Fourier transforms 
of these indicator functions of intervals in R, as functions of £i, . . . , £„. This 
implies that the Fourier transform of the indicator function of B tends to at 
infinity, as before. Hence the Fourier transform of any finite linear combination 
of indicator functions of rectangular boxes in R™ also tends to at infinity. Any 
integrable function / on R" can be approximated by a finite linear combination 
of indicator functions of rectangular boxes in the L 1 norm, which implies (|109.2I) 
as in the one-dimensional case. 

As in the previous section, the Fourier transform of the indicator function 
l[ a .b] °f an interval [a, b] in the real line extends to a holomorphic function on 
the complex plane, given by 

(109.3) / exp(— i(x) dx = i £ 1 (exp(— i£ b) — exp(— i( a)) 



when ( ^ 0, and equal to b — a when £ = 0. If a, b > 0, then it is easy to 
see that this tends to as \(\ — > oo when £ is in the closed lower half-plane 
H - . If / 6 L\ (R) , so that the Fourier transform of / has a natural extension 

/(C) to £ S H-, as in the preceding section, then one can use this to show that 
/(£) — > as |£| — >■ oo in by approximating / by step functions as before. 
Of course, there is an analogous statement for the extension to the closed upper 
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half-plane H + of the Fourier transform of a function in Ll(R"). There is also 
an analogous statement for the extension to H n .-t of the Fourier transform of 
a function in L*(R"), as in the previous section. 

110 Translation and multiplication 

If / G L 1 (R") and t G R™, then let T t (f) be the function on R" obtained by 
translating / by t, so that 

(110.1) T t (f)(x) = f(x-t). 

Thus T t (f) G L x (R n ) too, and ||T t (/)[[i = ||/||i. It is easy to see that 

(no.2) cnUmo = ex P (-*e • t) m, 

for each £ G R", using the change of variable x i— > a; + i in the definition of 
T t (f). Similarly, if / has compact support in R", then T t (f) does too, and the 
natural extension of the Fourier transform of T t (f) to a holomorphic function 
on C ra satisfies 

(H0.3) (T t (/))(C)=ex P HC-i)/(C) 
for each C £ C". 

Suppose now that e G {1,-1}™, and that / G Z^(R n ), as in Section [1081 
Thus / is supported in the "quadrant" Q n ,e defined in (|108.9I) . If t G Q n ,e, then 
it is easy to see that T t (f) is supported in Q ne as well, so that T t (f) G Lj(R™). 
As in Section fl08[ the Fourier transform of / and T t (f) have natural extensions 
to i/„._ e , which are related by the same expression (|110.3j) as in the previous 
paragraph. Note that 

(110.4) \exp(-i(-t)\ < 1 

for each £ G -ff n ,-e and t G Q n ,e, as in Section [1081 

If w G R" and / G I^R"), then let M w (f) be the function on R" defined 
by multiplying / by exp(iu> • x), so that 

(110.5) (M w (f))(x) = exp(iw ■ x) f(x). 

Thus M w (f) G L x (R n ) and = ||/|| x , since | exp(iw ■ x)\ = 1 for every 

x, w G R". It is easy to see that 

(H0.6) (AW))(£) 

for every £, to G R™, directly from the definition of the Fourier transform. If 
w G C™, then we can still define M w (f) for / G L\R n ) by (fTTU31) . and M w (/) 
will be locally integrable on R™, but it may not be integrable on R™. However, 
if / has compact support in R™, then M w (f) also has compact support in R" 
for every w G C", and M w (f) is integrable on R™ for every w G C™. In this 
case, the Fourier transform of / extends to a holomorphic function on C", as 
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in Section [TU51 and the Fourier transform of M w (f) is denned and extends to a 
holomorphic function on C n for each w G C n . As before, we have that 

(no.7) (AM/))(C)-/(C-H 

for every (,»)£ C" when / £ Lj om (R"). 

Let e be an element of {1, — l} n again, and suppose that / G L*(R"). As 
before, M w (f) is a locally integrable function on R" with support contained in 
Q n ,e for every w E C™. If w e -Hn.e, then | exp(iu> • a;)| < 1 for every x G Q„, £ , 
and hence M w (f) G ^(R™), with < ||/||i- As in Section QUI the 

Fourier transforms of / and M w (f) have natural extensions to H n> - e under 
these conditions, and one can check that they are related as in (I110.7[) for each 
C G H n .- e . Note that /(£ — w) is defined in this case, because — w and hence 
£ — w is in H n ^ e . 



Ill Some examples 

Let a be a positive real number, and put 
(111.1) q a ,+ {x) — exp(-ax) 

when x > 0, and q a> +(x) = when x < 0. Thus q a + G L]j_(R), and so the 
Fourier transform of <7 0j + should have a natural extension to the closed lower 
half-plane in C, as in Section [1081 More precisely, 



_ f°° -11 

(HI- 2 ) Qa,+ (C)= exp(-ax-i(x)dx = - = — — 

Jo -a — iQ a + 1( 

for every ( G Note that Re(a + z£) > a > when £ G H- and a > 0. 
Similarly, put 

(111.3) q a ,-(x) = exp(ax) = exp(— a \x\) 

when x < 0, and q a! _(a;) = when x > 0. In this case, g a ._ G il(R"), so 
that the Fourier transform of q a ^- should have a natural extension to the closed 
upper half-plane in C, as in Section 11081 Indeed, 

f° 1 

(111.4) q^Z(C,) — / exp(a x — i£ x) dx 



a — iQ 



for every £ G H + . As before, Re(a — i£) > a > when £ G H+ and a > 0. 

Now let a = (ai, . . . , a n ) be an n-tuple of positive real numbers, and let e be 
an element of {1, —1}™. Put 

n n 

(111.5) gn,o,e(g) = exp ( - gj £j Xjj = exp ( - gj|acj 
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when x £ Qn t ei & n d q n , a , e {x) — when x £ R n \Q n , e . Equivalently, 

n 

( m - 6 ) Qn,a,e{ X ) = \ ' [x i'- 

i=i 

where the subscript tj on the right should be interpreted as + when tj = 1 and as 
— when €j = — 1. Of course, q n , a ,c S L*(R n ), and so its Fourier transform should 
have a natural extension to H„ t - e , as usual. In fact, the Fourier transform of 
Qn,a,e can be given as the product of the one-dimensional Fourier transforms of 
the factors q aj ,ej, so that 

n n ^ 

(in.7) w(o = n^-(o) = n^-^y 

for each £ € Hn~e- 

112 Some examples, continued 

Let a be a positive real number, and put 

(112.1) p a (x) = exp(-a \x\) = q a ,+ {x) + q a ,-(x). 

This defines an integrable function on the real line, whose Fourier transform is 
given by 

(112.2) p a (0 = q^(0 + qZl(0 = — |— + — L- = 2 Re (— 
for each (eR. Of course, 

(112 3) 1 - fl -*£ - 

1 ' ; a + zC (a + i£)(a-»0 a 2 + £ 2 ' 

and so (|112.2[) is the same as 

2a 



(H2.4) f a (0 



It follows easily from (|112.4[) that p~a(£,) is an integrable function of £ on the 
real line. In order to compute its integral, observe that 

(112.5) f f a (0 d£ = lim [ R p a (0 d£ = lim 2 Re [* — |— d£. 



Using the change of variables £ H> R£, we get that 

(112. Ci [ — !— d£= / - Rd£,= [ ] < 

1-Ra + iZ J-ia + RZ J-iaR^+it 
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for each R > 0. Hence 

(112.7) ^ o (0de = T iim2ite/_ 1 i ^de. 

Let log z be the principal branch of the logarithm. Remember that this is a 
holomorphic function defined on the set of z e C such that z is not a real number 
less than or equal to 0, which agrees with the ordinary natural logarithm of z 
when z is a positive real number, and whose derivative is equal to 1/z. Thus 

f 1 1 

(112.8) / id(, = log(r + i) - log(r - i) 

J -I r + K 

for each r > 0, which implies that 

(112.9) 2 Re f —^—d£ = 21m [ —^—id£ 

= 2 Im(log(r + i) — log(r — z)). 
Taking the limit as r — > 0+, we get that 

(112.10) f p o (0^ = 2Im(logi-logH)) = 27r, 

since logi = (7r/2)i and log(— i) = — (ir/2)i. 

Similarly, if a = (a\, . . . , a„) is an n-tuple of positive real numbers, then 

n n 

(112.11) Pn,a( x ) = 11^ ^') = ° XP ( ~ 

is an integrable function on R™. The Fourier transform of p n ^ a is the product 
of the one-dimensional Fourier transforms of its factors, given by 

n n ~ 

(112.12) «o=n^(^)=n ""' 



The integral of this is equal to the product of the one-dimensional integrals of 
its factors, so that 

(112.13) / pZ(0^ = (2n) n . 



113 The multiplication formula 

Let f,gbe integrable functions on R". The multiplication formula states that 
(H3.1) / /(0$(0de= / f(x)g(x)dx. 
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Note that both sides of this equation make sense, because the Fourier transforms 
of / and g are bounded. Equivalently, (| 1 13. 1[) states that 



(113.2) f ( f f(x) ex P H£ • x) dx) g{£) d£ 



R™ X JR™ 

= / (/ 9(0 exp(-ix-£)dAf(x)dx, 

J R. " J R. " 

which follows from Fubini's theorem. 

Let h be integrable function on R™, and let w be an element of R™. If 

(113.3) ff(0=exp(*C-«;)ft(0, 
then 

(113.4) g(x) = h(x-w), 

as in Section fl 101 If / € L 1 (R n ), then the multiplication formula implies that 

(113.5) / /(£) exp(^ • w) h(0 d£= I f(x) h(x - to) dx. 

The right side is similar to (/ * h)(w), but not quite the same. 
If hi(£) = h(-£), then 



R" 



(113.6) hi{x) = / h(-£) exp(-i£ • x) d£, 

h(£) exp(i£ • a;) dx = h(—x), 



'R" 

using the change of variable x <— > — x. Hence 

(113.7) / f(x)h{x-w)dx= I f{x)hi(w-x)dx = {f *h[)(w). 

Suppose now that h is an even function on R™, so that hi — h. Thus h is 
even too, by (|113.6I) . In this case, (11 13.5[) reduces to 

(113.8) f f(0eMiZ-™)K0<% = (f*h)(w). 

114 Convergence 

Let a = (ax, . . . , a n ) be an n-tuple of positive real numbers, and put 



(H4.1) p„ iQ(x)=7r -»n^^. 

Thus P n , a is a nonnegative integrable function on R™ that satisfies 
(114.2) / P n , a (x) dx = 1 
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for each a, as in Section [TT21 

Let / be a bounded continuous function on R™. By standard arguments, 

(114.3) lim(P n , a */)(ar) = f(x) 

a— >0 

for each x € R" . Because / is uniformly continuous on compact subsets of R" , 
one also gets uniform convergence on compact subsets of R" in (|114.3[) . If / is 
uniformly continuous on R n , then one gets uniform convergence on R". 

If / is a continuous function on R™ with compact support, then / is bounded 
and uniformly continuous in particular, so that P n , a * f ~^ f uniformly on R n 
as a — > 0, as in the previous paragraph. In this case, it is easy to check that 
Pn,a * f — > f as a — > in the L 1 norm on R™ too. 

If / is any integrable function on R™, then 

(114-4) ||P n , * <||P»,„||i 11/111 = 11/11! 

for each a, as in Section 11061 One can also check that P n . a */—!• / as a— ^0 
in the L 1 norm on R™, since this holds on a dense subset of L 1 (R"), as in the 
preceding paragraph. 



115 Inversion 

If / is an integrable function on R™, then 

~ n 

(115.1) / f(0 exp(z£ • w) exp ( - £ a 3 d£ = (2tt)" (P n , a * f)(w) 

n j=i 

for every n-tuple a — (oi, . . . ,a n ) of positive real numbers and w G R™. This 
follows from ()1 13.8f) . with h equal to p n , a from Section Q 121 This also uses the 
fact that p n ,a is even and satisfies 

(115.2) p„, a = (2n) n P n , ai 

where P„ ja is as in the previous section. 

If / is also integrable on R", then it is easy to see that 

~ n 

(115.3) lim / /(£) exp(z£ • w) exp ( - £ a |) d£ 

/(O exp(zC- W )^ 



for every w 6 R n . More precisely, 

n 

(H5.4) /(6exp(-^a J |e j |) ->/(£) 
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as a — >• in the L 1 norm on R™, so that one has uniform convergence in w in 
the previous statement. This can be derived from the dominated convergence 
theorem, but one can also use the same type of argument a bit more directly. 
The main points are that 

n 

(115.5) exp(-^a^|) <1 
for every a and £, and that 

n 

(115.6) exp(-^a J |C J |) 1 

i=i 

as a — > uniformly on compact subsets of R™. 
It follows that 

(115.7) / /(£) exp(i£ -w)dt= (2tt)" f(w) 

for almost every w G R™ when / and / are integrable functions on R™, since 
Pn,a */—>•/ in i x (R") as a — > 0, as in the preceding section. In particular, 
/ = almost everywhere on R™ when / = 0. 



116 Measures on T n 

There are two basic ways to think about Borel measures on T n . The first is as 
countably-additive real or complex-valued functions on the cr-algebra of Borel 
subsets of T™. The second way is to look at countinuous linear functionals on 
the space C(T") of continuous real or complex- valued functions on T™, with 
respect to the supremum norm on C(T n ). 

If /i is a countably-additive real or complex Borel measure on T™, then there 
is a finite nonnegative Borel measure \/i\ on T™ associated to it, known as the 
total variation measure corresponding to /i. This is characterized by the fact 
that 

(116.1) | M (£)| < \(m\(E) 

for every Borel set E C T™, and that is the smallest nonnegative Borel 
measure on T™ with this property. More precisely, if v is a nonnegative Borel 
measure on T" such that \^(E)\ < u(E) for every Borel set E C T™, then 
\n\{E)< v{E) for every Borel set E C T™. 

If / is a real or complex-valued Borel measurable function on T™ which is 
integrable with respect to |^t|, then the integral of / with respect to /j, can also 
be defined, and satisfies 



(116.2) 



fdfi 



< / \f\d\n\. 



T" 
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In particular, this applies to any bounded Borel measurable function / on T", 
in which case we get that 



(116.3) 



7t" v zeT" 



/ fd» < ( sup \f(z)\) |/x|(T«) 



Continuous functions on T" are obviously Borel measurable, so that 



(116.4) 



M/)= / f d » 



dchncs a bounded linear functional on C(T n ), with dual norm less than or equal 
to /i|(T") with respect to the supremum norm on C(T n ). 

Conversely, a version of the Riesz representation theorem states that every 
continuous linear functional A on C(T") can be expressed as (|116.4[) for a unique 
Borel measure p on T n . The dual norm of A with respect to the supremum norm 
on C(T") is also equal to |/i|(T"). Normally one asks that p be Borel regular, 
which means by definition that \p\ is Borel regular, but this is automatic in this 
case, because open subsets of T" are cr-compact. An important advantage of 
looking at measures on T" in terms of continuous linear functionals on C(T n ) 
is that we can use the weak* topology on the dual of C(T"), as in Section |2T)1 

117 Convolution of measures 

Let p, v be real or complex Borel measures on T™. Their convolution p * v may 
be defined as the Borel measure on T" given by 

(117.1) (jjl * v){E) = (p x !/)({(*, w) G T" x T" : z o w G E}). 

Here z o w = {z\ Wi, . . . , z n w n ), as in Section 11051 and fi x v is the product 
measure on T™ x T™ associated to fi, v. Note that 



is a relatively open set in T n x T™ when E is a relatively open set in T", because 
(z,w) *—> zow is continuous as a mapping from T™ x T" into T™. This implies 
that (|117.2[) is a Borel set in T" x T" when E is a Borel set in T". Equivalently, 
if / is a bounded Borel measurable function on T™, then 



(117.2) 



{{z,w) G T™ x T" : zow G E} 



(117.3) 



fd{^L*v)= I f{zow)d(pLXv){z,w) 



T™ JT"xT" 




/i * V = 



and that 

(117.5) (fi * v) * p = fi * (v * p) 

for any three Borel measures p, is, and p on T™. 
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Observe that 

(117.6) \(n*v)(E)\<(\ti\*\v\)(E) 
for every Borel set E C T n , and hence 

(117.7) \n*v\(E)<(\n\*\ V \)(E). 
This implies that 

(117.8) |/i * v\{T n ) < (| M | * M)(T") = |^|(T") |H(T"). 

Of course, \\/j,\\ — |/i|(T") is a natural norm on the space of Borel measures on 
T™, also known as the total variation of /i. 

If one looks at measures on T n in terms of continuous linear functionals on 
C(T"), then convolution can be defined more directly, basically using (I117.3[) . 
To do this, the product Ai x A2 of two continuous linear functionals Ai, A2 on 
C(T") should first be defined as a continuous linear functional on C(T™ x T n ). 
This is not too difficult to do, but there are some details to be checked. If 
f(z,w) is a continuous function on T™ x T", then one can apply Ai to f(z,w) 
as a function of z for each w S T™, to get a function of w on T™. It is easy to see 
that this is a continuous function of w, using the fact that f(z,w) is uniformly 
continuous on T n x T n , because T™ and hence T" x T" is compact, and using 
the continuity of Ai on C(T n ). Thus one can apply A2 to the resulting function 
of w, to get a real or complex number, as appropriate. This defines Ai x A2 as 
a linear functional on C(T™ x T"). By construction, 

(117.9) |(AixA2)(/)|<||Ai||*||A 2 ||*( sup \f(z,w)\), 

where ||Ai||*, ||A 2 ||* are the dual norms of Ai, A2 with respect to the supremum 
norm on C(T"). This shows that Ai x A2 is continuous with respect to the 
supremum norm on C(T™ x T"), with the dual norm less than or equal to 
||Ai||* HA2II*. If f(z,w) = fi(z) f2(w) for some continuous functions /1, / 2 on 
T™, then it follows directly from the definition of Ai x A2 that 

(117.10) (Ai xA 2 )(/)=A 1 (/ 1 )A 2 (/ 2 ). 

This implies that the dual norm of Ai x A2 on C(T n xT") is equal to ||Ai||* 1 1 A2 1 1 * - 
Every continuous function on T ra x T" can be approximated uniformly by a finite 
sum of products of continuous functions of z and w on T™, and hence Ai x A2 may 
be characterized as the unique continuous linear functional on C(T™ x T n ) that 
satisfies (|117.10[) for all fi, f2 G C(T"). In particular, suppose that Ai x A2 was 
defined instead by first applying A2 to a continuous function f{z,w) on T™ x T" 
as a function of w for each z G T™, and then applying Ai to the resulting function 
of z. This would also determine a continuous linear functional on C(T™ x T") 
that satisfies (1117.101) , and which would therefore be equivalent to the previous 
definition of Ai x A 2 . 
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118 Functions and measures 

If g is an real or complex- valued function on T" which is integrable with respect 
to Lebesgue measure, then 

(H8.1) ^ {E) ^^Y j 9{z)\dz\ 

defines a Borel measure on T". As usual, 

(118.2) ^Jdfi g = j^-J^J(z)g(z)\dz\ 

for every bounded measurable function / on T". It is also well known that 
I Ms I = Mlab an d hence 

(H8.3) - KI(T") = J n \9(z)\ \dz\. 

If h is another Lebesgue integrable function on T™, then the convolution g * h 
is also defined as a Lebesgue integrable function on T™ , as in Section 11051 It is 
not difficult to check that this is compatible with the definition of convolution 
of measures in the previous section, in the sense that 

(118.4) fig * /j, h = H g *h- 

If v is a real or complex Borel measure on T" , then the convolution of fi g and 
v can be defined as a measure on T" as in the previous section. Alternatively, 
g * v can be defined as a Lebesgue integrable function on T™ by 

(118.5) (g* v )( z )=J g{zow' 1 )dv{w), 

where w^ 1 = (w^ , . . . , u^ 1 ), as before. The existence of this integral for almost 
every z £ T" with respect to Lebesgue measure uses Fubini's theorem, as in 
Section 11051 More precisely, if g and v are nonnegative and real- valued, then 
Fubini's theorem implies that 

(H8.6) ^ Jjg * u)(z) \dz\ = g{ z) \dz\) v(T n ). 

In particular, (g * v)(z) < oo for almost every z G T" with respect to Lebesgue 
measure. Otherwise, if g and v are real or complex- valued, then one can apply 
this to \g\ and \v\. This implies that the integral in (|118.5[) makes sense for 
almost every z S T" with respect to Lebesgue measure, and that 

(118 ' 7) Wr L l(5 ^ )(z)l ldzl ~ (wF L l5(z)l Mcn ' 

Of course, if v = /i/j for some Lebesgue integrable function h on T™, then this 
definition of g * v reduces to the earlier definition of g * h. Similarly, if v is 
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any Borel measure on T™, then this definition of g * v is compatible with the 
definition of convolution of measures in the previous section, in the sense that 

(118.8) [ig*v = n gw . 

If g is continuous on T™, and hence uniformly continuous, then it is easy to 
see that g * v also defines a continuous function on T™. In this case, we also 
have that 

(118.9) sup |( 5 * v){z)\ < ( sup \g(z)\) \u\(T n ). 

119 Fourier coefficients 

Let /i be a complex Borel measure on T". If a £ Z", then the corresponding 
Fourier coefficient of fi is defined by 

(119.1) /2(a) = / z- a dfi(z). 

This reduces to the earlier definition of the Fourier coefficients of a Lebesgue 
integrable function g on T™ when fi — /i g , as in the previous section. The 
Fourier coefficients of any complex Borel measure fi on T" are bounded, with 

(H9.2) i/i(a)i < wen 

for each a £ Z" . If v is another complex Borel measure on T n , then it is easy 
to see that 

(119.3) (n*v)(a) = /2(a) v(a) 
for every a £ Z". 

Let U n be the open unit polydisk in C", and let z a be defined for a 6 Z™ 
and z £ C™ as in Section[78l If /i is a complex Borel measure on T™ and z £ U n , 
then put 

(119.4) cj> fl (z)= Ka)z a . 

As in Section [78l the sum converges absolutely for every z £ U n , because of the 
boundedness of the Fourier coefficients of \x. This can also be expressed as 

(119.5) = (27r)" J P n (z,w)dfi(w), 

where P n (z,w) is the n-dimensional Poisson kernel, discussed in Section [78l 
More precisely, 

(119.6) (2n) n P n (z,w) = z a w- a 

a£Z n 

for each z £ U n and w £ T™. This sum can be approximated uniformly by 
finite subsums as a function of w £ T™ for each z £ U n , which permits one to 
interchange the order of summation and integration in (|119.4|) to get ()119.5|) . 
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Of course, the extra factor of (27r) n here simply comes from slightly different 
normalizations being used. 

If r G [0, 1)" and z, w G T™, then r © z G U n , and 

(119.7) (2ir) n P n (roz,w) = (2tt)" P„(r, «, o z' 1 ). 
Put 

(119.8) p„, r H = (27r) n P n (r,«;) 
for each r G [0, 1)" and w £ T" . It is easy to see that 

(119.9) PnA W ~ X ) = Pn,r( w )i 

using the change or variables a i-> -a in (|119.6|) . It follows that 

(119.10) cf>Aroz) = (p n , r * f j,)(z) 

for every r G [0, 1)" and z G T™, by f|119.5|) . 
Note that p n A w ) > an( i 

(119.11) (2^X" P "' rH|cH =1 

for each r G [0,1), by the corresponding properties of the Poisson kernel. If 
p = p g for some continuous function g on T n , then 

(119.12) ^(roz)^g(z) 

as r — > (1, . . . , 1) for each z G T", as in previous discussions of Poisson integrals. 
As usual, the convergence is also uniform over z G T n , because g is uniformly 
continuous on T". If p = p g for a Lebesgue integrable function g on T", then 
one can show that there is convergence in the L 1 norm on T". More precisely, 
this follows by approximating g by continuous functions on T" in the L 1 norm, 
and using uniform bounds for the L 1 norm of <f>^(r © z) as a function of z G T™ 
over r G [0, 1)™. If p is any complex Borel measure on T™ and / is a continuous 
function on T n , then 

(H9.13) — ^ J ^ M r O z ) /(*) = ^ P«,r * / dp, 

by Fubini's theorem and (|119.9[) . Hence 

(119.14) j±- M (r © z) f(z) \dz\ -> f f dp 

as r (1, . . . , 1), because p n , r */—>•/ uniformly on T n as r — V (1, . . . , 1), 
as before. This says that the measure on T" associated to M (r © z) as in the 
preceding section converges to p in the weak* topology on the dual of C(T n ) as 
r — > (1,...,1), when we identify Borel measures on T n with continuous linear 
functional on C(T"). 
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120 Measures on R n 

Let \i be a real or complex Borel measure on R™, which is to say a countably- 
additive real or complex valued function on the a- algebra of Borel sets in R". 
As before, there is a finite nonnegative Borel measure \fi\ on R" associated to 
\i such that 

(120.1) \ix(E)\ < \fi\(E) 

for every Borel set E C R™, and which is less than or equal to every other 
nonnegative Borel measure on R" with this property. If / is a Borel measurable 
function on R™ which is intcgrable with respect to then the integral of / 
with respect to \x can also be defined, and satisfies 



(120.2) 



f fd(i < [ |/|%|. 



In particular, this works when / is a bounded Borel measurable function on R™, 
for which we have that 



I fd» < ( sup \f(x)\) |/z|(R") 



(120.3) 

Of course, continuous functions on R™ are Borel measurable, and so 
(120.4) A„(/)= f fdfi 

JR.™ 

defines a bounded linear functional on the space Cf,(R n ) of bounded continuous 
functions on R" with respect to the supremum norm, with dual norm less than 
or equal to |^|(R"). The restriction of A M to the space Co(R") of continuous 
functions on R" that vanish at infinity is also bounded with respect to the 
supremum norm, with dual norm less than or equal to |^t|(R"). Conversely, a 
version of the Riesz representation theorem states that every bounded linear 
functional A on Co(R") corresponds to a unique Borel measure [i in this way, 
where the dual norm of A with respect to the supremum norm on Co(R") is 
equal to ||^|| = |/i|(R"). Normally one also asks \i to satisfy some additional 
regularity conditions, but these hold automatically on R", since open sets in 
R™ are a-compact. 

A small part of this theorem implies that a bounded linear functional A on 
Co(R") has a natural extension to Ch(R"). This extension is characterized 
by the following additional continuity condition, which is a mild version of the 
dominated convergence theorem. Namely, if {fj}j^i is a sequence of bounded 
continuous functions on R™ that are uniformly bounded on R" and converge 
uniformly on compact subsets to a function / on R™, then {A(/j)}°^ 1 converges 
to A(/). Note that / is bounded and continuous under these conditions, and 
that any bounded continuous function on R" is the limit of a uniformly bounded 
sequence of continuous functions with compact support on R" that converges 
uniformly on compact subsets of R™. Hence the extension of A to Cf,(R™) is 
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uniquely determined by A on Co(R") when the extension satisfies this additional 
continuity condition. 

If A is a bounded linear functional on Co(R n ) with compact support, so that 
A(/) only depends on the restriction of / to a compact set in R n , then this 
extension of A to Cf,(R") is basically trivial. Otherwise, it is not too difficult 
to show that a bounded linear functional A on Co(R") can be approximated 
by bounded linear functionals on Co(R") with compact support with respect to 
the dual norm. One can then use this approximation to show more directly that 
A can be extended to a bounded linear functional on Cf,(R") that satisfies the 
additional continuity condition mentioned in the previous paragraph. Note that 
the dual norm of the extension of A to Cb(R n ) with respect to the supremum 
norm on Cf,(R") is equal to the dual norm of A on Co(R"). 



121 Convolution of measures, continued 

If fi, v are real or complex Borel measures on R", then their convolution p, * v 
may be defined as a Borel measure on R n by 

(121.1) Ou * v)(E) =(/ix v){{(x,y) G R" x R™ : x + y E E}, 

where p x v is the product measure on R" x R™ corresponding to p,, v. Note 
that 

(121.2) {(x,y) G R" x R" : x + y G E} 

is an open set in R™ x R™ for every open set E C R n , by continuity of addition, 
which implies that (|121.2p is a Borel set in R™ x R™ when E is a Borel set in 
R™. If / is a bounded Borel measurable function on R™, then we get that 



(121.3) / fdQi*v)= / f(x + y)d(fixv)(x,y). 

JR.™ iR"xR" 

As usual, 

(121.4) v * /i = fi * v and (fi * v) * p — fi * (y * p) 

for any Borel measures fi, v and p on R™. 
As before, 

(121.5) \^* v ){E)\<{\ii\*\ V \)(E) 
for any Borel set E in R™. This implies that 

(121.6) \p*v\{E) <{\p\*\v\){E) 
for every Borel set E C R". In particular, 

(121.7) ||/iHI<IHIH, 

where \\p\\ = |/j|(R"), as in the previous section. 

One can also look at convolution in terms of bounded linear functionals on 
spaces of continuous functions, as in Section 11171 If Ai, A2 are bounded linear 
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functional on Co(R n ), then the product linear functional Ai x A2 can be defined 
as a bounded linear functional on Co(R™ x R"), in basically the same way as 
before. In order to define the convolution Ai * A2 as a bounded linear functional 
on Co(R n ), one would like to let Ai * A2 act on f(x + y) as a continuous function 
on R" x R™, where / is a continuous function on R™ tht vanishes at infinity. 
However, f(x + y) does not vanish at infinity on R™ x R™ unless / = 0, and 
so it is better to use the natural extension of Ai x A2 to bounded continuous 
functions on R™ x R", as in the preceding section. 

122 Functions and measures, continued 

If g is a real or complex-valued function on R™ that is integrable with respect 
to Lebesgue measure, then 

(122.1) fx g (E) = [ g(x)dx 

J E 

defines a Borel measure on R". As before, 

(122.2) f fdfx g = [ f(x)g(x)dx 

for every bounded measurable function / on R". Also, \fi g \ = fJ-\ g \, so that 

is the same as the L 1 norm of g on R™. If h is another integrable function on 

R™, then one can check that 

(122.3) Hg*Hh=Hg*h, 

where g * his the integrable function on R™ defined as in Section 11061 

If v is a real or complex Borel measure on R", then the convolution of g and 
v can be defined as a Lebesgue integrable function on R" by 

(122.4) ig*v)(x) = [ g{x-y)du{y). 

As usual, the existence of this integral almost everywhere on R™ uses Fubini's 
theorem. If g and v are nonnegative and real-valued, then 

(122.5) J [g * v)(x) dx^i^J g{x) dx^j v(R n ), 

and in particular (g * v){x) < 00 for almost every x £ R" with respect to 
Lebesgue measure. Otherwise, if g and v are real or complex- valued, then one 
can apply this to \g\ and \v\, to get that the integral in (|122.4[) makes sense for 
almost every x G R™ with respect to Lebesgue measure, and that 

(122.6) J \(g*v){x)\dx<(J \g(x)\ dz) |v|(R n ). 
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If v = jj,h for some integrable function h on R" , then g * v reduces to the usual 
definition of g * h, while if v is any Borel measure on R™, then n g *v = /i 9 *„. 

If v is a real or complex Borel measure on R™ and g is a bounded continuous 
function on R™, then (g * v){x) is defined for every x £ R n , and satisfies 

(122.7) sup \{g * u)(x)\ < ( sup \g(x)\) |i/|(R"), 

as before. One can also check that g*v is continuous on R™, using the dominated 
convergence theorem. If g is bounded and uniformly continuous, then it is easy 
to see that g * v is uniformly continuous too. Alternatively, to show that g * v 
is continuous when g is bounded and continuous, one can use the fact that g 
is uniformly continuous on compact sets, and approximate v by measures with 
compact support. 

If g and v have compact support in R", then it is easy to see that g * v has 
compact support as well. If g is a continuous function on R" that vanishes at 
infinity and v has compact support, then it is easy to check that g * v vanishes 
at infinity on R n too. This also works when v does not have compact support, 
by approximating v by measures with compact support on R". 



123 The Fourier transform, continued 

The Fourier transform of a complex Borel measure fi on R™ can be defined by 

(123.1) = / cxp(-i£ • x) dn(x) 

for each £ £ R™. This coincides with the earlier definition for an integrable 
function / on R™ when ji = (if. As before, 

(123.2) \m\ < lMl(R") 

for every £ £ R™, and one can also check that ju(£) is uniformly continuous on 
R™. This is easier to do when [i has compact support in R™, and otherwise one 
can approximate \i by measures with compact support. If v is another complex 
Borel measure on R n , then it is easy to see that 

(123.3) (^m=mno 

for every £ £ R™ . 

The analogue of the multiplication formula in this context states that 

(123.4) f £(0<M0 - / Hx)dv(x) 

JR.™ JR" 

for any pair of complex Borel measures /i, v on R™. This follows from Fubini's 
theorem, as before. In particular, 

(123.5) f ma(0^= f g(x)dn(x) 

JR» JR» 
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for every Lebesgue integrable function g on R" . As in Section 11131 this implies 
that 

(123.6) / exp(i£ • w) h{£) d£ = \ h{x~w)d^{w) 

for every Lebesgue integrable function h on R" and every w € R™. If h is a 
even function on R n , then this reduces to 

(123.7) / jti(0 exp(i£ • w) d£ = (h*fi)(w). 

Let a = (oi, . . . , a n ) be an n-tuple of positive real numbers, and let P n ,a{x) 
be the function on R™ discussed in Section 11141 Also let / be a continuous 
function on R ra that vanishes at infinity, and observe that 

(123.8) f {P n . a * f i)(w)f{w)dw= [ P n , a *fdfi 

JR" JR™ 

by Fubini's theorem, using also the fact that P n , a is an even function on R" . It 
follows that 

(123.9) lim / (P n>0 *ii)(w) f(w) dw = [ fdfx, 

because P n>a * f — > f uniformly on R" as a — > 0, as in Section fl 141 This says 
that the measure on R n associated to P n , a * M converges to /i as a — > with 
respect to the weak* topology on the dual of Co(R") when we identify complex 
Borcl measures on R™ with bounded linear functionals on Co(R n ). 
As in Section fl 151 we have that 



(123.10) / m exp(zC ' w) exp ( - £ a, d£ = (2n) n (P n>a 

.7=1 



/j,){w) 



for each w € R™, by applying (|123.7[) with h = p n ^ a as in Section HT21 This 
converges to (27r) n /i as a — > with respect to the weak* topology on the dual 
of Co(R"), as in the previous paragraph. In particular, fi = when ll = 0. 

124 Holomorphic extensions, continued 

Let us say that a complex Borel measure \x on R™ has support contained in a 
closed set E C R" if 

(124.1) MR"\£) = o. 

If fi has support contained in a compact set if in R™, then the Fourier transform 
/!(£) extends to a holomorphic function /£(£) on C™, given by 

(124.2) /2(C) = / exp(-< • x) d/i(a;), 
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as in Section [1081 If /i, v are compactly supported complex Borel measures on 
R™, then one can check that fi * v also has compact support, and that 



(124.3) 



(a**i/)(C)=?(C)^0 



for each £ e C". Similarly, let e 6 { — 1,1}" be given, let Q n ,e be the closed 
"quadrant" in R™ associated to e as before, and let H n <L be the corresponding 
region in C™. If n = 1, then Q n ,e is a closed half-line in R, and i?„ ie is the 
open upper or lower half-plane in C, as appropriate. If fj, is a complex Borel 
measure on R" with support contained in Q n ,n, then the Fourier transform of \x 
extends naturally to a bounded uniformly continuous function on i/ n ,_ e that is 
holomorphic on i? nj _ e , for basically the same reasons as for integrable functions. 
If /j, v are complex Borel measures on R" supported on Q n ,n then one can 
check that /i * v is also supported on Q n ,e, and that the natural extension of the 
Fourier transform of (j,* v to H n ^ e is equal to the product of the corresponding 
extensions of the Fourier transforms of v. 

125 Approximation and support 

Let X be a locally compact Hausdorff topological space, and let A be a bounded 
linear functional on the space Cq(X) of continuous functions on X that vanish 
at infinity, with respect to the supremum norm. If is a bounded continuous 
function on X, then 



Here ||^|| S up denotes the supremum norm of cf) on X, and ||A||* is the dual norm 
of A with respect to the supremum norm on Cq(X). Note that cf> f £ Cq(X) 
when / e C (X) and £ C b (X). 

Let ip be another bounded continuous function on X, and let us check that 



Let a, b be real or complex numbers, as appropriate, and let /, g be continuous 
functions on X that vanish at infinity, with 




(125.2) 



||A ||* < |MUp||A||*. 



(125.3) 



IM.+ M. < sup(|0(;r)| + |V(aO|)||A| 



i6X 



(125.4) 



\\g\\su P < !• 



Observe that 



(125.5) 



and hence 



(125.6) 



|aA (/) + 6A (.g)| < \\a<j>f + b ^|U P ||A||,. 
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Our hypotheses on a, b, /, and g imply that 

(125.7) \\a<f>f + b^g\\ sup < sup (|0(z)| + 

so that 

(125.8) \a\^{f) + b\^{g)\ < sup(|0(a;)| + |^(a:)|) ||A||*. 

xex 

Using suitable choices of a and b, we get that 

(125.9) |A (/)| + |Av,(<7)| < sup(|0(x)| + |^(z)|) ||A||*, 

which implies (I125.3p . by taking the supremum over / and g. 

Suppose now that cf> is a bounded real-valued continuous function on X such 
that < 4>{x) < 1 for each i£l. If we take -0 = 1 — <p in (|125.3p . then we get 
that 

(125.10) ||A*||„ + ||Ai_*||, < ||A||*. 
Of course, 

(125.11) ||A||. < + 
because A^ + Ai_^ = A, and so 

(125.12) M. + ||Aw||, = ||A||*. 

Let e > be given, and let / be a continuous function on X that vanishes 
at infinity such that ||/||s«p < 1 and 

(125.13) |A(/)| > ||A|U-e. 

We may also ask / to have compact support in X, since continuous functions 
with compact support are dense in Cq(X). Let be a continuous real- valued 
function on X with compact support such that <j)(x) = 1 for every x in the 
support of / and < 4>{x) < 1 for every x £ X, which exists by Urysohn's 
lemma. Thus \<f,(f) = A(/), so that 

(125.14) ||A4* > ||A||*-e. 
This implies that 

(125.15) ||A-A ||*= ||Ai_ ||* <e, 
by (1125.121) . 



126 Extensions to C b (X) 

Let X be a locally compact Hausdorff topological space, and let A be a bounded 
linear functional on Cq(X). As in Section 11201 there is a natural extension 
of A to a bounded linear functional on Cb(X) with some additional continuity 
properties. Of course, this is trivial when X is compact, and so we may as well 
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suppose that X is not compact. Remember that there is a natural topology on 
the space C(X) of all continuous real or complex- valued functions on X, which 
is determined by the collection of supremum seminorms associated to nonempty 
compact subsets of X. If X is er-compact, as in the case of X = R™, then we 
have seen that it suffices to consider the supremum seminorms corresponding to 
a sequence of compact subsets of X, which implies that this topology on C{X) 
is metrizable. 

If L is a nonnegative real number, then let Cb,L (X) be the space of continuous 
functions / on X such that \f(x)\ < L for every x G X. Similarly, let Co,l(X) 
be the intersection of Cq{X) and Cj,,l(X), consisting of all continuous functions 
/ that vanish at infinity and satisfy ||/|| sup < L. It is easy to see that Co,l(X) 
is dense in C^l(X) with respect to the topology induced on Cb,L,{X) by the 
one on C(X) described in the preceding paragraph. More precisely, for each 
bounded continuous function / on X with ||/|| s «p < L and every nonempty 
compact set K C X there is a continuous function g with compact support on 
X such that ||ff|| s «p < L and g(x) = f(x) for every x G K. To see this, one can 
take g — f, where 6 is a continuous real- valued function on X with compact 
support such that 9(x) = 1 for every x G K and < 6{x) < 1 for every x G X. 

Thus we are actually interested in extending A to a bounded linear functional 
on Cb(X) with the additional property that the restriction of A to Cbx{X) is 
continuous with respect to the topology induced by the one on C(X) described 
before for each L > 0. This extension would be unique, because Co,l(X) is 
dense in Cb,h{X) with respect to the topology induced by the one on C(X). 
If X is CT-compact, then this additional continuity condition is equivalent to 
asking that {A(/ 7 )}^ =1 converges to A(/) for each uniformly bounded sequence 
{fj}JL\ °f continuous functions on X that converges uniformly on compact 
subsets of X to a function / on X. Of course, a necessary condition for the 
existence of an extension of A to Cb{X) with this additional continuity property 
is that the restriction of A to Co,l (X) be continuous with respect to the topology 
induced by the one on C(X) for each L > 0. It is easy to see that A satisfies 
this condition, using the approximation of A by bounded linear functionals on 
Co(X) with compact support, as in the previous section. 

The existence of the extension of A to Cb(X) with this additional continuity 
property can be obtained by approximating a bounded continuous function / on 
X by uniformly bounded continuous functions g on X with compact support, 
as before, and choosing A(/) so that it is approximated by the A(<?)'s. This 
is analogous to the fact that a uniformly continuous real or complex-valued 
function on a dense subset of a metric space M has a unique extension to a 
uniformly continuous function M. Alternatively, let {4>j}'jLi be a sequence of 
uniformly bounded continuous functions on X with compact support such that 
the corresponding linear functionals \ < f )j converge to A with respect to the dual 
norm associated to the supremum norm on Co(X), as in the previous section. 
Each \ < p j has an obvious extension to C\(X), and one can check that these 
extensions converge as j — > oo to a bounded linear functional on Cb{X). One 
can then take the desired extension of A to Cb(X) to be the limit of this sequence, 
which amounts to approximating A(/) for / G Cb(X) by X(g) with uniformly 
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bounded continuous functions g on X with compact support, as before. 



127 Delta functions 

A Dirac delta function is not really a function in the usual sense, but can easily 
be interpreted as a measure on R". Thus if u G R n , then the corresponding 
measure 6 U is defined on R n by 

(127.1) 6 U (E) = 1 when u 6 E 

= when u G R n \E. 

Equivalently, 

(127.2) f fd6 u = f(u) 

for any function / on R". 

The Fourier transform of 5 U is given by 

(127.3) = exp(-i£ • u) 

for every £ G R". In particular, <5o(£) = 1 for every £ G R", and |<5„(£)| = 1 
for every u,( e R™. This shows that the analogue of the Riemann-Lebesgue 
lemma for measures instead of integrable functions does not work. As in Section 
11241 there is a natural extension of 6 U to a holomorphic function on C™, given 
by S u (0 = exp(—i(-u). If e G { — 1, 1}™ and u G Q n ,ei then |<5 M (C)| < 1 for every 
C G i? n ,-c, as before. 

If fi is a real or complex Borel measure on R n , then 

(127.4) (/x *£„)(£) =fi(E-u) 

for every Borel set E C R™, where E — u is the set of points in R™ of the form 
x — u with x G E. In particular, 

(127.5) [i*S a =n 
for every Borel measure /x, and 

(127.6) 5 U * S v = S u+V 

for every u, v G R". If / is a suitable function on R", then 

(127.7) (f*5 v )(x) = f(x-u). 
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